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So-called Cases of Failure in the Solution of Linear 

Diflerential Equations. 

By Eric H. Neyillr. 


There ftre two ways in which the solation of a particnlar linear 
differential equation may “ fail ” although the solntion of a more 
general equation obtained by replacing certain constants by parameters 
is comj)lete. The two ways are distinct, but they may both be illus¬ 
trated by the equation 

(n-l)V=e*, ... ... ... (1) 

where D as usual stands for d/dx. 

For the general equation 

(D-l) (D-fli) 


the perfectly general solution is 


l/~ 




.tux 


(a— l){n —m) 

'A, B being independent arbitrary constants, but if we attempt to 
apply this solution to the iiarticular equation (1), we find, in the first 
place, that the coincidence of n with I and m renders the first term 
infinite and, in the second place, that tlie coincidence of m \vith I leaves 
ns ^\^th only one effective constant,/I-pB. The method by which in 
the commoner text-books the passage from the general solution to that 
of a particnlar equation is made in such cases us this is nnconvincing. 

The fundamental problem is always the same : given a linear 
differential equation 


O], tij, ... a,) ... ... (^) 

of any order, aj, ... a, being constants, G (y) involving x in any way 
and being homogeneous in y and a finite number of its derivatives, 
and g{x, Oj, o-j ... a,) being any function of x, Oi, o*, ... a,, and given a 
function F {x, pt, ... p,) of * and of r parameters _pi, p^, ... p, which 
is not infinite irrespective of x for the values Oj, ... o, of the para¬ 
meters and is such that 


O ■{ l'(ar, J>ii Pit Ff) } —P» ••• Pr) f Pu Piy ••• i’r)* ••• (^) 
where the right hand side is not identically zero for all values of 
Pi, jjj, ... p, and for the values a,, u,, ... a, of p„ p,. ...p^ the function 
/(®. Fi* V-iy "• Pri the form g(x, a^, a^, ... a,) ; to construct as 

gouei'ul a solntion as possible of the equation (2). 

Thus, in the original example, we know that 




(4) 
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ami we wish to utilise this knowledge in the formation of integrals of 
the particular equation (1). 

It wll be noticed that here the function /(x, p), which is is 
actually the function £f(x, p) ; in practice this is usually the case, but it 
is quite irrelevant to the argument which follows, which enables us, for 
example, to deduce a solution of equation (1) from the more cdaborute 
equation 

(/)-l)*(xfi^‘)=2(/)-l) { i ••• C^) 

taking for/(x, p) the expression { } • 

We consider first the construction of a particular integral of equa¬ 
tion (2), equation (3) being assumed. 

If h(ai, aa,...a,):^0, we have from (3) and the known relation bet¬ 
ween the functions/(x, pf, p%^-- p,)> ?(«, «!> aj....a,), and because the 
left hand side is linear and homogeneous in y and its ilerivatives, 

G { F{x, o„ ai,...tt,)/h(ai, a 3 ,...a,) > = 9 (x, a„ a,,...a,), 
and t/ = F(x, a„ a 3 ...a,)/h(a,, 

is a solution of (2). In any case, from (3), on account of the character 
of the opex’utor (?, we have, pj. being any one of the parameters 


G { dFjdpu } ^{dhldpk)f(x, Pi, Pi.‘.Pr) + h(px, Pi,..-Pr){dfidp^y (b) 
and precisely, when A(a„ aj,...a^) is zero, we can derive from (G) the 
t equations 

G { 0F/0afc } =(9A/9afc) yCx, Oj, a„...ar), 

for A-ssl, 2,...r. 

If then any of the functions dhfdo^, 9A/9a„...9A/9a, are not zero, 
solutions of the original equation (2) are gdven by 


y= 


OP 


an 
9 a 


9a;^ '-'“i 

for the corresponding values of k. 

Thus from equation (5) we have 

(D-1)* { 9(j:e^*)/9p } =2 { } 

,, . +'-!(f-i)[a{e*"+;(f-i).t.^'}/ap], ... (?) 

and from this it follows tliat 

la a solution of equation (1), (he right hand side of equation (7) reduc- 
ing forp^l, to a constant multiple of e*for the very reason that the 

hv merr obtaining a solution of equation (1) 

by mere substitution m equation (5), remains a factor of tliat part of 

the expression which is not itself a constant multiple, for of e* 

zero happen that all the functions of the form 9A/9a, aro 

example, if we aro using the simple equation (4) for the 
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purpose of solving equation (1), the function h(p) of the only para¬ 
meter p is (p —1)*. j»nil dh,'dp as well as h (p) is zero when p is equal to 
1. Ami, in fact, differentiation of the equation (4) with respect top 
gives us equation (5) itself, in the form 

(D-iy { de^^/dp } =2{p-l)^-{.(p-iy{P‘^V^P), (&) 

ami the right hand sitle of this equation does not reduce to a proper 
multiple of for any value of p. 

If liowever we differentiate the equation (6) with respect to any 
one of the i)arameters which it involves, we have for all values of the 
parameters and for all values of t, k fromil to r. 

l<^i'iOpkJ <^FiOph dpidpu OpkOpi OpiOp,, 
and when h and its first derivatives with respect to the parameters 
(which may coincide) vanish for the values Uj, of j^d 

wc have 

G { da,, ) ={d'kldaida,,)y(x,\ai, a^-.-ar) 

ami ^if the second ilerivative d'hjdpi dp^ of h remains different from 
zero for the special values of the parameters, we can deduce a solution 

d'F I d^h 

^ doj daj dcj dofc 

of our original equation. For example, from equation (8) wc liave 
(V-iy { d^e^^/dp* } =2^^+4(p-lXd^Vdp)+(p-md^^^*/dp% 
an equation which yields us a solution of the equation (1) in the form 

J/ = i(d*e^*/dp^)fi=i =Aj:V 

simply iecaute the earlier equations (4), (8) were ineffective, for this 
jiurpose. 

The reasoning can be continued from step to step, and wc conclude 
that if h(py Pi^-'-p,) and all those of its partial derivatives of the first 
wt—1 orders which are subsidiary to a particular derivative 

d'"hldpi^\dp*3,..dpr^r 

lliat is, which jvre of the form 

d"hjdpikdph- dp,^f where n < w, t,, < s^) 
vani.sh when have the values a„ but this derivative 

itsclfMocs not then vanish, a particular solution of equation (2) is 
given by 

, a'"F / _ d"'A_ 

The common case is that in which there is only one parameter p, 
»nd only one constant a in the original equation, and the functions 
p), ‘/(•‘'i p) ai'e the same ; A is a function of p alone, F is a function 




0 


of X andp, and the resalt takes the form that if h, dhidp, d'‘'hjdy*, ... 

all vanish for ^ = 0 , but d"'ft/dy‘ does not, a solution of the 

equation 

0{y)-g{£y a) 


ia given by 

d"‘F /d’’‘A 

■f’U'* ?) ^0') being such functions that 

G { F(j:, ii) > =A(i>)-3(j:, >>). 

In this case we obtain only one solution of the equation, but in the 
general case we often obtain a number of solutions, which may or may 
not be independent. 


To see how a multiplicity of parameters may be utilised, consider 
the equation 

(D-l)XU-2)y=e*+e«.(9) 

being given that 

(D-l)*(D- 2 )|.’(x,y. q)^Kp, 2 ) { } 

where F{x, p, g)= (g-l)»(g~2)e^'+(iJ-l)*(ii-2)e'»', 

h(p, q)=(.i—iyip-2){q~iyiq-2). 

If we make both p = 1 and g = 2 in h(j>. q) or in ainy of its deinvatives 
of the first three orders, except ^'hf'dp'^q, tlic result is zero, but this one 
derivative has the value —2. Hence one solution of equation (9) is 
given by 


y= 1) = 

op*oq 

It is easy to see that in this example no other integral is derivable 
from the functions ¥{x, p, q), h(p, q). 

For a second example, in which we cannot, without the use of 

complex number.s, resolve the problem into two simpler ones, as wo 

should do in practice in the last example, we may solve the equation 

(D’-2D+2)y=e'sinx. ,..(10) 

premising that ' 

whore g)e^* sin ga; ... ... (H) 

H . p , 5)=e»'[ { j 5.-20,_1), cos jx],... (12) 

iC, 5 )= { (p_l).+ (l_^ y .+ 4 (^_l).,, . 


y=i:e*(sin cos x), 

y = —je*(8in »+2x cos x), 
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each of which as a matter of fact inclades a part usnally absorbed into 
the complementary function. 

Two comments are suggested by this last e.xample. In the first 
place, we do not pretend to have here an exceptionally simple way of 
solving the equation (10); we are only concerned to shew that if the 
equation itself is contained under a more general form of which we 
have the solution, a solution of the equation is obtainable by a direct 
and unimpeachable process. And in the second place, :instead of start¬ 
ing from a known result involving two parameters, we might have 
assumed that 

{D* —2D-t-2) ••• ••• 

where 

F(i:,/))=e^*(sin px-pp cos ... ... (15) 

ACp) = -2(2)-1)(p*+1). .(16) 

and obtained the slightly different solution 

y = — 5 e*(cos x^2x cos «). 

A similar possibility is clearly open in general. All that is required 
of Pnpj» ••• Pr is should be capable of taking simultaneously 

tbe values a,, and subject to this condition they may be made 

from the commencement any convenient functions of a single parameter 
p. Thus if a„ o,, ... a, are all different from zero, we may put 2 >*=a*p, 
and the particular equation to be studied wdll correspond to p=l, or in 
any case, we may put p,,»ai+pin the general equation which w given 
to us and consider what hapi>en.s when p=0. But, since different equations 
may most naturally be discussed in different ways, there is evident 
advantage in limiting ourselves as little as possible in the general 

treatment. 


(To fcc continued.') 
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Some Properties of Cyclic Equatioos- 


By M. T. Naraniexgab. 

1. Consider the equation 

fix)=x>+px+q=0. ... ... ( 1 ) 

The roots of this will bo a, a’, where a‘=a, if equation (1) is in* 
eluded in f(«*)=0. Hence f(x) must a factor of /(a*)- 

Chan{i:in{f the sign of x, we find that /(—«) is also a factor of/(»’). 
Thus we arc led to’the identity 

/(■*’)=/(*)/(-*)• ... ... ( 2 ) 

Suppose, now that s is a quantity such that z*=z. ... ... (3) 

Then substituting in (2) s for * and remembering.that we 
have, since/(c)z^O 

•.. ... ... (4) 

Kquation (4) must be satisfied by the values of z fonnd from (3). 
Hence 

In other words ;, = 1. g =1; that is, the roots of the cyclic equation 

/{*)=«*+«+: *0 

are a, a’, where a*=o. 

2. Ne.vt, suppose the roots of (1) are a, a", where a*=a. In this 

case, we find that equation (T) is included in /(y) = 0, where v=**- 
whence we obtain the identity ^ 

where is unity. ^ ' 

Equation (5) leads to 

whence ,=0. ±1 ; ,=0,'^±1^ ±2^* 

1-ve the cylio 

* 4-1=0, iE’±*v'_2—1=0, whose roots are a, a* (a’=l), 
iJonfitj where a“sa, we have the 


where /('“*)• /(--O. 

Kquation (6) results in the following rclat 


... (6) 


100!^: 


9 = 3 * • 
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In other words, (a!®+p, x+l)(a“+pa»+l) is 1). In 

fact, the product is x’+x’+a^+^+l =0- so that the roots of the quadra¬ 
tics can be wTitten in the form a, a*; a*, a* ( = a®). 

4. Generally, let the roots of (1) be a, a" where a =a. Then 
from the identity 

/(x'‘)=/(»)- /(*IP)- A**®*)- — - v”) 

where we deduce 

, ,vM_, ( 




n(»—4)(n—5) n~ 

TO ^ 




... ( 8 ) 


and 


q^q 

2k'n . . ■_ 2^17 


Thns <,= rcos 2l!'"_+i,io?^.')foraU t; and the values of p 
^ ■ 'i \ »»—1 n —1 / 

arc found from equation (6). 

Now, equation (8) is always reducible. For since a. a” are the 

roots of a^-l-p*+9=0’ , 

g = a"+»;p=-(a+a")=:-(a-fga *). 


^-7 / 2* rt . • • 2fe'n \ 

= q'*+* ( cos-* sin —^ 1, 

^ V n + 1 r»-hl/ 


_ . 1 / 2kn'n . • .... 2fcniT \ 
a"=,a-> =,”+1 (cos — +. stn j 

/ 2kit . • 2feTf \ 
= g»+l(cos^^^-.sin—j). 


and 


Bince —1. 

A- 2^-17 

Hence p*-2g’*+‘ „q:i’ 

f r ull Ifc shcaing that the values of p are the same for the pairs (1, »). 

n-1), • o* ■>' '"■ 

cannot exceed 

Again, if we write t=2 cos^, we know that r satisfies an alge¬ 
braic equation 

svhich is of degree in or i(»-2±l) according as » ts even or odd, 
Putting ^ 

n+l - 

o = —a 
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we deduce that equation (8) is i-educible to 

which is of degive i n ov (»»—2±1) according as « is even or odd. 
The form of <p (:) may bo obtained as follows :— 

Suppose 4^(m)=s"'—7n .; 

1 M 

then 

4(=)=4<Q) ++(”“-)+.1=0, 

if n is even; 

»nd ^(..)=+ -4; +.=0, 

if » is odd and of the form 4 m + l : otherwise ^ ■ 

Por,4^(m)=:2cos?-^’^, being the equivalent of where 

«+l 

s:=\ + \“»=2 cos “-^IL ; and 

n+1 

. 

if n is even ; and 

4(2) = \”*+\-m-. 

if n is (47?i-f-l), <fec. 

5. Consider, next, the cubic 

/(a)=ar’4.^j:*+gj;+y = 0. ... ... /gj 

If this should have roots a. a’, a*. where a« = a, or a» = l we 
write ’ 

/(*>)=-/(j)./(-i)asi„§l. ... (JO- 

Giving vMuos 0, = = and by equating 

co-effie,ents of in ,(10) ;>-+p_o,=o. Thna, we bnvo for n the 
quadratic 

The equation for 9 is "• 

^ 9*+9+2=0; ... ... 

whoso roots differ from the roots of the former only in sign ^ 

relator’ .hat ^-, = 1 .. we deduce the following 

r “ ‘■"I’n °'/’-l’+2=0. .ho cnbic equation *•+„, 

r-r\7^ where (a^-n ^ 

(n) Aho 


• • • 


(13) 









the second factor Pi*—1) con-osponding to the roots a®, a*., a* 

( = a>Y 

From the trigonometrical expression for a viz ^cos sin , 

we easily deduce that 

^cos ^ + cos ^+cos^^ +*■ ^sin ^ + .sin ™ +sin ^ = — p„ 


^cos ^ + cos ^ 4- cos — 1 ^sin ^ + sin ^ = sin — —pj, 


,, 2^ , 471 . Sit i 

whence fanally cos— +cos — t-cos ^ — j, 

. 27t . • 47r , . Stt _, 

sin _+s»n —+sin — — 


... (14) 


... (15) 


by virtue of equation (11). 

6. If the roots of the cubic in the last article should be a, a*, a 
where a*'- = l, we obtain, as in § 2. 


/(®’)=/(a:). /(xh). /(xif’)- [a" 

Equaling co-cfBcients 

p=p’‘—Spry+Sr, i 


= 1 ] 


... (16) 


y = r^ 


) 


Hence if 1, p. g are found from 

p=p'— 3 pg +3 

q = q‘—3iiq + S. 

Rejecting the case p=gi 

P*+P?+g* = l. p+7=p"+g^—6pg+6. 

Put p + g = a, pg=6, then 

a* —fes=l, a=a(l—26)—66+6. 


Hence, eliminating 6, 

2o*+6u*—2o—12 = 0. 

(a+2)(a’+a-3) = 0 ... ... ■ (17) 

n ——2,6=3; or a = —^'(liVl^)’5 = U5±V1''^)- 

The first set of values determines p, q as the roots of the quadratic 
\*. 4 -O\a. 3 = 0 ; and the corresponding cubic ®*+px*+gx+l is divisible 
by x-1, since the sum of the co-eilicienls is ^,+9+2 = 0. In this case, 
therefore, the ,.ro,erty invCih-ote,. relates <» 

x>+(l + X)*-l'=0, and is readily seen to be identical >%nth that stated 
in § 2. 
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Taking a as a root of a*+a—3=0 and 6 =a'^—1 =2‘-a, we have 
the following:— 

If X, arc the roots of \^—q\+ 6=0, the equation \,r^+Xji 
+ 1=0 is cyclic and will Imvo for i-oots a. a', a®. [a’®= — 1 ]- 

Siniilarly, if r=— 1 , we tin*! that the cubic 

*'-\,a:-+Xja:-.l=0 
will have roots a, a\ a®, where a“ = l. 


As in § 5, uTiting a =cos sin we deduce 
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2Tr , e-ff , 18-n , 

cos_+c„.,-^+cos_ = .>, 

y/i^—Sa). 


... (18) 
... (19) 


7- In the examjdes considered in $5 5 ami ti, we might have pro* 
cccile«l as follows :— 


Suppose the cubic is x--p *H,;x-/-=0, and that the roots are a, 
a*, a‘, (a’ = l). 

Then we have 

i) = a + a»+a‘ 

</=a.tt®+a® a*+a*.a 
= a'+a'' + a*. 
r = a.a".a^ = a’ = l. 


/'+7 = Q + a*+a*+a‘+a*+a'’=:-l, .as is well-known ; 
i'-7=(a + a*+a‘)(a +tt«+a’) 

= a‘+a’ + a'‘+a»+a*+a’+a’®+a* 

=3+9+/}. since a’ = l. 

Hence q are the roots of tlie (piadratic equation 

X’+X+J = 0 . 


In other wor<ls, if \,, X^ m-e Oie roots of this 
of the cubic 


(juadralic, 


the roots 


.t'-X, i^'+X^ j:-1=0 

are a. a", a*, where a’ = l. 

Again, let the roots be a, a\ X®. [a*‘'=l]. Then 

^z=.a + a*+a'‘ 

5 = a.a*+a".a®+a^a 
= a‘+a‘’*+a‘® 

»’=a.a’.a®=.a>* = l. 

p> = a>+a*+a“+2 (a*+a“+a''') 

g®=a"+a» + a»+2 (a».^a*+a) 
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U 

p^+q^=:- — l+p+q, since = 

A: = l 

— a®+ 1 + a"+ oi’+ 0 .’+1+1 + 

=3-1—p-g.=2-i5~3. 

p+q^a, pq = b, we find 
a*-b = l; a+b-2. 

a’+u—3=0. 

8. We shall now^consider the general irredacible cyclic eqaation 
of the third degree, viz. 

/(*)=x" + j>a^+ 5 X+r= 0 . 

Let the roots a, of this eqaation be connected by the 


and 


Patting 


relations 

aa=:<t(<ii).iaa = ‘t(®4)' a,=4(a9). 

By the Tschirnlmusen transformation we know that the most 
general form for <p is of the second degree, so that we may write 

<^(a)=ao®+6a+c=a(x—/t)(x—A:) say. ... (20) 

Hence f(x) mast be a factor of /[ax’+6x+c]. 

Replacing x by (A+A:-*), wo see that 

a«*+6x-f-o or a(x~’h)(x—k) 

remains unchanged, and tliercfore 

y(_6/a-s) or f(h+k-x) is also a factor of/[ax’+Ew+c]. 

Thus we have the identity 

/[aa!*+fc*+c]=-aY(x). /(—fe/a—»)• ... ••• (21) 

Potting xz=\, p. in (*21) where X, p. are the roots of 

(u^+bx+c ==x, ... ••• ••• 


wo get two linear relations among the co-efficients p, q, r ; vtz : 

l = -aY(-6/a-X), 

l=.—a% — b/u—p.). 

In fact, tho expression (aj?+bx-pc—x) is a factor of 

{l+a’'. K-bla-z)}. 

Kquating co-efficients of .x* in (21): a third relation is obtained 

whence the values of p, q, r easily follow. 

[Cajori’s Theory of Equatioue, § lYb.J 

9. Question 507 of Sir. S. Raiimnnian is an example of the above 

method. [J. I. W. S., Vol. VI, No. 2, p. 74.] 

To solve the equations x®=y-ba, = = + «; we write 

f(x\=X~ + P!f?^- fjX-pTy 


and deduce, os in § 8. 

/(a?-tt)S-/(x). /(-®) 


* * • 


• « 



IS 


The roots of 

z^—x—a—0 

are ^ (l±Vl+4^. Call them fL . so that 

\|jL —““O. ••• ••• ••• 

PQt« = \. p. in (23). and we have 

0=V+\p. + /i'-p (V + J1) + ? 

t.e., 0=l+a—/)+g, using (25) 

Also, eliminating g from (26) 

a —1 —pa — r = 0. 

The third equation connecting j?, g, r. is got from the constant term 
of (23), viz ; 

r*q.r—a*+pa*—^0=0. ... ... ... (29) 

Equations (27). (28). (29) will give two sets of values for p. 7 , r 
corresponding to the two cubic factors of the sextic 

[ { X* —a)®—a } *—z—a]-—(x* —X —a) 

10. As a last example, we shall investigate a cyclic cubic equation 
whose roots are connected by the following relations : 


(24) 


(25) 


(26) 


(27) 

(28) 


_« a_o 


a,=a 


2 a,, a,’=a,*— 2 a„ a,’= 03 *— 2 a,. 
Our method leads to the identity 

j{3?-2x)=~j(x). /( 2 -x). 

Patting x=0, 3, we deduce 

l = -(8+4p+23+r) 

1 = —( — 1 +p— 9 +r). 
p4-9+3=0 

Also, equating co*efficients of z* in (30) 

I2+i)=12+4/)+5+f(-6-/))+7. 

•• p* + 3p+2g=:0. 

From (31) and (32) 

f^+5/>+6=0, 

o*" (j>+2)(p+3)=0. 

Uonco 

i.= - 2 , 9 = -l, r=:l; 

p = —3, 9 = 0 , r = 3. 

In other words, the cubic equations 

2 z*—x+l= 0 , 
z*-3x*+3=0, 

are cyclic, the relations connecting the roots being 

a,=a,’- 2 ai, aj*=a,*- 2 a.. 


(30) 


(31) 


(32) 



SHORT NOTES. 

A note on f 

J o 

The value of this integi-al is usually given as —log ?■*!"-, but this 

b b 

result is affected by a change in the sign of a or b, whereas the integrand 
is independent of the sign of a or 6 . The present note is intended to 
explain this apparent fallacy. 

+00 


Let 


so that 


=/ 


log (1+aV) 


-CD 
+00 


1 + 6V 


dx ; 


/ 

-CO 


a? 


(l+aV)(l+6V) 


dx. 


This can now be integrated by the methods of partial fractions. 
But the coiTect result is obtained by integrating round a suitable 
contour. 


The function 


(l+aV)(l+6’2») 


has four simple poles, viz: 


. * * 
“’=± 6 - 


Take a contour on the upper half of the s^plane coxusisting of the 
real axis from—oo to +oo, and a “ large ” eemi'circle T. 

(1) If a and b are both positive, the only poles of the function 

« ♦ 

within the contour are +-, +t- 

a L 

(2) If a and b are both negative, then the poles of the function 

V • 

within the contour are 

a u 

In any case the two poles on the upper half of the s—plane are 

t i 

a, 6, 

• ^ 

and I =27** X sum of the residues at the poles J- 

Oj Oi 

where Oj. 6i» the numerical values of for a, b. 

By the uaoal method we find ^ 

sum of the residues — .— —r—y —j-j-r* 

t a, 6, (Oj + t,) 


At all points on T the integrand is sen- 
ibly ctjual to-A^ which vanishes in the limit when the radius of T is 


a* 6 *s 

sufficiently large. 
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*3 


(l+aV) (1+lV) 


eZa:=2TTt X 


1 

: a,6, (a, + 6,)‘ 



and the requirctUntcgral is ~ loc 

6 , &, 

which is the coiTOct form of the resnlt. 
The results 



log (a’cos-0+>^siD-0) d0=7r log J (a+/?) 


^ COR 2 rx. 

^ 1 —2a cos x-ha* 1— 

caa also be similarly oxjilaincil 

The iliscnssion given here is probably noiliiiig new, but the fact 
that it is not explained in some of the well-known text-books on 
Calculus is perhaps a sufficient justification for this note. 


and 


/ 


J. M. Bose. 


The Pace of the Sky for March and April 1915. 

Sidereal time at 8 p.m. 


.VarcA. 


T». 

11. 

M. 

s. 

1 

G 

33 

14 

8 

7 

0 

49 

15 

7 

28 

25 

22 

7 

55 

1 

29 

8 

22 

37 


April. 

H. M. s. 

... 8 35 27 
... 9 3 3 

... 9 30 39 

• ... 9 58 14 

• ... 50 25 50 


From this table the constellatio 
be a-scertainod by a reference to their 


IS visible during the evenings can 
positions as given in the star-chart. 
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Phases of the Moon. 



Jtfarch. 


April. 

1 



D. 

n.: 

M. 


D. 

H. 

>1. 


Pull Moon 

... 2 

0 

3 

A.Me 

• • • 




Last Quarter 

... 8 

5 

58 

P.M. 

... 7 

1 

42 

A.M. 

New Moon 

... 16 

1 

12 

A.M« 

... 14 

5 

tl 

P.M. 

First Quarter 

... 24 

4 

18 


... 22 

9 

9 

V 

Full Moon 

... 31 

11 

8 


... 29 

7 

49 

9} 


It may be noticed that January and March have each two 
Moons and February is wthont a Pull Moon. 


Pall 


The Sun 


enters the Vernal Equinox on March 21 at 10*21 a.m. 


The Planets. 

Mercury is stationary on March 6 and attains its greatest elong* 
ation (27° 43' W) on March 20. It is in conjunction wth the Moon on 
March 13 and April 13, with Jupiter on March 30 and with Mars on 
April 4. 

Venus is in conjunction with the iloon on March 12 and April 11, 
with Uranus on March 19 and with Jupiter on April 15. It is near the 
boundary between Capricornus and Aquarius in March and in Pisces in 

April. 

Mars is in conjunction with the Moon on March 14 and April 12 
and with Jupiter on March 24. It is in Pisces in March and in Aries in 
April. 

Jupiter is in conjunction with the Moon on March 14 and April 11. 
It is in Pisces in these months. 

Saturn is in quadrature to the Sun on March 17. It is in conjunc¬ 
tion with the Moon on March 23 and April 20. 

Uranus is in conjunction with the Moon on March 12 and April 9. 

Neptune is in quadrature to the Sun on April 19 and is in conjunc¬ 
tion with the Moon on March 26 and April 22. 


V. lUUBSAM. 





SOLUTIONS 


Question 548 . 

(A. NABAiCiaA Kao) :—1£ — 


1-x" 


^ . the'w that the infimire lerie^ 


= JB 


l—t 


where the suffixes of ti are the auinbera havinir aoo-repeated prime 
factors* the teniLS beiiur taken with a ^ re or ^ re sum aocordiiur 
the Qomber of sack factors is odd or e^n. 

Solution by T* P. Trzcedi. J/Ll.. LL.B^. y. Duraz /^ajan. 

fi. Vythyn42thasu:amy and y. Sankara Azyar. 

Let US fiml the coefficient of by pickinir oat the terms in wiucli 
it occurs* 

Let y=a .. where a, A c are the prime factors of y> 

which are n in aomber. 

y V 

Then x ^ occars in which is . ^ . 4 * 

It occurs also 

once with the -f- ai^Ti in each of the ternu aj. u6. uc . 

once with the — sign in each of— uab. — me .— aod. .. 

once with the +3ign in each of uabc. uabd. . 

and so on. Hence the coefficient of x 

= l+n-\ a ('i-lj+A „ («_ij („_2)—... 

= 2 - / I - («- 2 t -) 

I li ~Fi3— • i 

— ^ 

The coefficient of x is I. 

Thoa the given series 

2x* _x-f*x* 


=x + 


= X 


1—X 1—X 
1 + X 

X’^x 


3 
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Question 550 . 

(K. J. Sanjasa) :—At a game of bridge recently played it was 
found that every player had three cards of each of three suits and 
four cards of the remaining suit; wliat is the chance of this distribution 
of the cards ? 


Solution hy T. P. Tnvedi, if. A., LL.B., and A. Narasinga Rao. 

It is obvions that the 52 cards can be distributed amongst all 

152 

the four players in the most general manner in - j - iTq 14 ~* 

According to the data in the question, the first player may 

get his cards in ^CiX ways, since he may 

have 4 cards of any of the four suits; the second can now get his 

cards in ^C,X ^^O^x ^®C,x ^0,x ^^C.ways ; the third player may 

have his cards in ^0i X ^0,x ^OgX "^Ciways; the rest of the 

cards go to the last player. The number of ways of distributing 


the cards is thus 


|^(|13)^ , multiplying the above result 

U/'A ^ ‘ J » 


(IL) ”(ii) 

Hence the chance of this distribution is 

_(1L3)* 

(^)»(14)»|W 


Question 552- 

(S. Krisuxaswami Aitanoar) Find the sum of 

3***'3-5^ 1 M 5.7*2* 2! ”7-9 ‘2**3 . 

13-5...(2n-l) 1 . 

‘^(2n+l)(.2»+3)'2»'*-‘' n! . 

Solution by T. P. Trivedi, M.A., LL. B. and K. J. Sanjana, il.A. 

The general term is 

135- .(2n-l) 1 *"+> 

(2n+l)(2»+3) ■2*''-‘' ^ 

13*5...(2rt-l) 1 *"+4 1 

“ 2 4-6.2» ^n+l 2n+3’^i2'^ 
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2 1 


2 4-0...27* 2n+‘i'2'H2 


,2'^ l-3 o...(2;i-l ) ddu-.- 
h' 2 4-6...2rt J o + ■ 


1 


+1 


l{ow,Moccsia-^==S: *4;^:^“ —the snmmatlua being 
contiueil to odd powers of r, the above expression is eiiuul to 

4j%in-lV^^ 

1 

2’ f _1 A ^ 

.. I * sin ^ 2V2i^' 


»- o 



X 




—-,s xsiu ^ 
*- ( 


•', ver 


s-l. } 


no eonstunt being addctl, since tljc expression as well us,(ho integral 
vanish with x. 


Question 553 . 

(S. KfiieuxAsWAAii AiYAXiiAR); —ABC is a triangle snch that its 
sides subtend eqaal angles at one focns S of an inscribed conic. With 
S as focQs four more conics are drawn circumscribing the triangle. 
Show that 

(i) The points of contact with the sides of the inscribed conio are 
on the focal radii tbrongh the vertices of the triangle. 

(ii) The directrix of one of the circumconics is identical with tbo 
directnx of the inscribed conic corresponding to S. 

(iii) The direcirix of one of the other ciroumconics and its tangent 
through C meet at the point of intersection of AB and tho directrix of 
the inA;onic. 

(iv) If this point is P„ then P,SC 'is a right angle, where C' is the 
point of contact of tho inscribed conic with the side AB. 

Solution by R, J. Pocock and R. Vythtjnathasuavvj. 

Since tangents, subtend eqnal angles at the focus and AB, BC CA 
aUo subtend equal angles at S, it I follows that the angles ^s'c', C'SA 
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ASB' are all eqoal to 60° and therefore BSB* is a straight line, which 
proves (i). 

Let (he bisector of ZBSA' meet AB in P,. Then P,SC'=90° which 
proves (4), since P* will now be seen to be identical with P# of the 
qnestion. 

If CC' cot the inscribed conic in P, PjP is a tangent and since PC' 

is a focal chord, Pg lies on the directrix of the inscribed conic ; 
similarly for P,. 

But since P^S and P,S bisect BSA', and BSC', Pj.P* lie on the 

directrix of the circrtmconic, which proves (ii). 

Also since P^S bisects ZBSA' and ZP,SC=:90°, P, lies on the 

directris of the circcm-conic. Thns PgC is tangent at C, which proves 
(iii). 


Question 554. 

(T. P. Trivedi, M. a., LL. B.):—If V denote the entire volume of 
the solid = 1 , and A the whole area of its trace 

on the ry—plane, prove that 

V«4c p/2 1\ 

A 3n' \n' n) ' 

and deduce that for the solid 

/..V 2p 2p 


G)2P+1+ (f)2i>+l+ (^)2^+l = 

(p+l)(2;>+l) In 

9y(2p+3)(4p+3)- \2p'pJ- 


V 

A 


Solution by R. 3. Pocock, Sc., F. R. A. 8. and 

R. Vythynathancamy. 

As V, A are both Diriehlet Integrals, by the ordinary theorems 


V = 


Sate 


n 


A = 


4ab 


[^(D] 



_ 8aic \ 


fra 


©} 




i-1 


TV 




©} 


A lin 


0 [(I) 

'■© 


{?-*} -4(|V 


3n \n* n/ 




21 



_8c 

V C'ii>+3)(4p+3) \p'ip/ 


Question 555- 


(R. VtTirYxiTe\s\VAMT) :—P is a point on one of u system of corves 
y(f„ a)—0 where a is a variable pavauictei*. If t/a is the distance 
at the point P between this ctuwe and its consecative whose parameter 
is a+da, show that 

da. PQ" da’ 

PQ being the diagonal of a parallelogram whoso adjacent sides are 
along r„ and equal to ^ and ^ respectively. 


SoZuh'on (J) by 2v. Durairajan; (2) by T. P. Phaskarcuastn 
il. K. Kevalramani and A. A^arostnya Kao. 

(1) The theorem may be proved for the general case as follows 
Let PT be the tangent at P to the cun-e / (r, a)=0; and 

lot the IT PO„=a„. 

Differentiating >vith respect to the arc, we have 

dr,- d« + -dr 



0 

2 
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t.ff. ^1 cos cos Cl^sOf ••« (l) 

where f„ denotes dflSr,„. 

Now, the distance between a curve and its consecutive is the 
common normal to the two at any selected point on the first. 

Hence, if we measure a distance dn equal to PR on the normal at F 
outwards, R wll be the point on the consecutive curve. 

The distances of R from the poles are 

r,+dn . sin a|, r,d-dn . sin a,, etc. 

which must satisfy the equation / (r, r,.r„, a+do)=0. 

/(vi+dtt sin a,.,a+cia)=0. 

/ (f,.a) +^.iln sin a,+.da) +.=0. 

0^1 0<X 

• tin sin aj+.....^.dassO, 

or, da 

since / (r„ r,.a)asO. 

Thus /, sin a, -f .. ., ... (ii) 

tin oa 

Squaring and atlding the relations (i) and (ii), we get 
(/,cos tt+...y+(/i sin ) (^) . 

t.e.. /*• cos (a,-a,)= . 

Also, if PQ is the resultant of forcesat P along /„ r,.,.T,„ 

PQ*=r(/,*)+2E/J,cos (a,-a,). 

„ drt 1 9/ 

Hence = — 

da PQ 9a 

(2) It is proved in Williamson, Diff. Calculus, p. 234, § 193, that 
PQ is normal to the curve at P. 

Let r„ r, be the bipolar coordinates of P, an«l rj+dr,, r,+drj, tlioso 
of R, where the normal cuts the consecutive curve. Then PR=d». 

Now dr, = projection of dn on radius vectors —dn. 

_ c/9 

Similarly —an. 

Since R is a point on the consecutive curve whose parameter is 
a* 4 *da, we have 

K dr,+^da=0. 


9r: 


dr; 












23 


But 


P 0 _, 9 / + 

ds^ “av ds 
FQ. <in=^. da. 


Jn __1 ^ 

5a "PQ* da' 


Question 556. 

(R, V'n'HYSATnASAWMv) :—Shew th.it in a cissoid the product of the 
perpendicular from the cusp on a tangent and the length of the taneent 
between the point of contact and the asjmptote varies as the ordinate 
of the point of contact. 


SolultoH h'j A. 1 . iT. KTJshno- .l/erKwi, M.A.^ B.L.y Jj.T. and several othcTS, 

The equation of the ci5.«oid is y* (2a—x)=z\ 
ijet (z, y) be the point of contact. 

If '4* he the angle the tangent make with the x axis and t the length 
of the tangent between the point of contact and the asymptote, we have 

<ss(2a—z) sec tp* 

Also, if p be the perpendicnlar from the ensp on the tangent 



Now 


dy _z’ (Sa—z) 




dx (2o—z)» 

__3a-—z)_ ®* _ 

dx ^ “ (2rt—z)’ 2 j— z (2a—'z)’ 


ax^ , 

= 25-z=‘‘^ 


Hence 

or 


tp=ay, 
tp ocy. 


Question 557 . 


_j ^*'*^^”*^°* ^ point P of a parabola the norma 

chord PQ ia drawn meeting the axis in G and PN ie the ordinate to 
the axis, prove that PQ. AN=i2 SP. PQ. 

If from P two chorda PPi, PP, are drawn normal to the curve at 
Pti prove farther that 

SP..SP,=AS.SP, PP..PP,=PQ.AN. where S is the foeue. 
oIPP,?" P>P.S P««s through the oireumeeutre 
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Solutioti by A. V. K. Krishna Menon, M.A., B.L^L.T .; B. Vythynatha' 
sieamy, V, D. GokhaU, V. V. S. Narayanan, D. Krishnamurti 
and L. N. Subramaniam, M.A., L.T. 

(i) Let P be the point (a!^, 2 at,) The equation o£ PQ is tx-^yss 
af*+2a^ Where this meets the parabola yH-{-4ay=iaV+8a*t. 

i.e. (y—2flt) [y<+(2ai*+4o)] =0. 

If Jr', y" be the ordinates of P and Q, 

PG_y _ 2a< _ 2o<* 

QG y" (2of*+4)// 2at^+4a 

= - X with the nsnal notation. 

ar+2a AG 

PG_ AN _ AN ^AN 
Pti AN+AG 2(a+AN) 2SP 
PQ. AN=2SP. PQ. 

This proves the first part. 

(ii) Now equation of the curve passing through the feet of the 
normals drawn from P (aP, 2at) is 

(aP—a)y + (2a t — y)2a = 0. 

Where this meets theparabola 

4y’)y+(8aV - iay)2a 0 
ie. y*+4a»yC2-P)-16a*t=0 

ie, (y—2o/)(y*+2afy+8a')=0. 

If hi and y, are the ordinates of Pj and P„ they are the roots of 
the equation y’+2otyq-8a*=0. 

If Xi and x^ are the abscissie of P| and P, 

SPi. SP, = (a+*i)(a+a:j) 

=a’+a(*,+ar,) + a^», 

=a*+ify,>+y,*)+-^^,V 

—o’+j[4a^P—16a*]+4o*, since yi+ya=2af and 

yiy, =8a*, 

=a(at*+o)=a(AN+a)=AS. SP. 

Again, if PP, and PP, cat the axis in G, and G, 

PP,. t, = 2SP|. PGy and PP,. ®,js 2SP,. P,G, [using the Ist part]. 
PP,. PP,. ®,*,=4SP,. SP,. P.G,. P,G, .(1) 

Now 

Iba’ 


... ( 2 ) 


SP,. SP,=AS. SP .(3) 

P,G,. P,G,=V(4a*+y.*)(4aM^) 

= Vl6o‘+ 4a»(4a»t‘ -16o*) +64a* 
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=Vl6u‘+16af- 

= 2aV4a-+4a’/= = 2aVPN*-fNG= 
s:2*Ii PG.«« ••• ••• 

Prom (1), (2), (3) and (4). we get 

PPj. PP,= 2SP. PG 

=PQ. AN using (i). 

This proves the second part. 

(Ui) SG,=SP,; SGi=SPa. 

MSP, = 71=20, MSP, = 7t-29,. 

P,SPa=2(0,-0,)=2 P,SP, 

=the angle subtended by P,P] at the 

oircnmoentre of A PiPPj. 

Hence the oircle through PjSP, passes throngh the oiroaniioentrd 
of ^ PP,Pi. 

Note by A. A, Krishnaswami Aiyangar, B. A. 

Let Y be the foot of the perpendicular from S on <he tangent at P ; 
PF the double ordinate through P ; H the mid-point of NP, and T the 
pole of the ohord P,P.* 

1. The eight points A, Y, P, O, H, P„ T, P, lie on a circle. 

For, the normal at *t ’ meets the curve again at the point *—(—1 

which is evidently unaltered by changing ? . Therefore the normals at 

t, ? meet on the curve at Now the tangents at /. ^ 



4 
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Thus if P„ Pj, he t and P is co-ordinatea of T 


are 


2a, a ^ so that if TL is drawnperpandicnlar to AS, TL = 


4 PN=NM or AV. That is the angle THP is a right angle and AIj» 
2AS, proving that YS passestthroogh T and YS = ST. 

PGs=2YS=YT and PGTY is a rectangle. 

Since angles YAG, PP,T, TP,P, and; THP are right angles, the 
circle PGTY passes throngh A, P„ P„ H. 

(2) The centre of this circle lies on the circle SP,P,. 


A 

For PtSP,=:doable of the sopplement of PiTP,. 


=doable of P,PPa 


= P|XP„ where X is the centre of the circle PPiP,. 
Hence P,, S, X, P, are concycUc. 

Also, by elementary geometry, it is easily seen that SX outs the 
circle PP,P, in Y'^aod 71, which are the exoentres of the triangle SPiP,. 

Thus the circle PP}P, passes throngh seven additional points, ins.: 
A, Y, G, H, T, and the excentrea of the triangle SPiP,, opposite to 

Pit Pa- 

(3) Becanae AYGT ia cyclic, therefore 

AS.SP^AS.SGssST*-SP,.SP,. 


Question 560. 


(N. Sankara Aita,R M.A.) :—Find the volnme contained between the 
two ellipsoids 

V* s’ 1 I ** I s’ , w’ 1 

+ ^ + 

Solution by T. P. Trivedi, 3/./I., LL.B., aud T. P. Bhaskarasaslri, B.A. 
Snppose a>b ; the area common to the two ellipses 


+ = is given by 


a* i* 




ah 


/• “T=?= 




dx 




.6 


ab 


_ 1 

y/b'-x'dr. ! 


Vo*+fc* 


J 


[This is obvious oiii a little^onsi.leration ; the ellipses intersect at points 
+ and the common area may bo represented as the 

Va*+b’’ Va’+6* 

sum of two integi'als.] 
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Un simpUfyiug, wo tind the coiuuiou area to ho 

, ( , siu—l .• t /"^ _1_ 'j \ 1 

— 1 

=4 ai sin 

If we take the sectious of the ellipsoiils by a plane parallel tu the 
plane of xy ami at a distance s from it. wo get the ellipses 

ar* , y* 1 2* , x’ y*^i 

and the area common to these two is 

The volume common to tlia two ellipsoids 

16 abc j b 

^ 3 siu~ Va'+T'* 

If 6 = 0 , the ellipsoids coincide and we gotfor tho common 
volume, as is otherwise obvious. 

Question 566. 

(6. KuisQNAftWiiji Aitamoab) ;—Prove that 

>in-x=-^ . \ 

where «,:=the eum of the reciprocals of the first r odd numbers. 

Solution by J. c. Su-amiuurayan, M.A., K. T. Sundara Itajau, B.A., 

R. J. Pocock B.A,, B.Sc., F.H.A.S., and J. Xarasinga Rao. 

JBn“'z / r* s* \ / V ' 

rT ^“("“3 ■‘■5 ~.) (l-=’+s*—.) 

=j_(l + J)e'+(l+> + t)=-._. 

s=S —+ . 

tank's = 2(1+ r*) ( ..j 

»in-..=tan-. 

. } 


’"' A Ta /. r, 


' t 






i 









28 


Question 568 . 


(K. V. AnantanaRatana Sastri, B. A.) :—Evaluate 

o 1 +®* 


j: 


iSoZuftoH (1) by R. J. Pocock, J. C. Stcaminarayan^ T. P. Tnvedt, il. A., 

LL. B. and (2) by J. M. Bose, il. A., B. 8c. 

(1) We have the integral 

_ f® oT'dx / , ^ \ ^ (TO+l)‘»r 

tt— , . M (wliere coseo ^- i—. 

J o 1+x n n 

[Williamson p. 141.] 

Di£erentiating for m, 

f® ;d"\ 0 frxdx --n^ (m+n-n (m+l)-ff 

J O 14 . 2 " n- • n n 


If 

wi=0, 

r 

log xdx_ 


cosec ^ cot * 



J 0 

1+®“ 

n* 

n n 

If 

II 

P 

log xd£_ 

•n* 

'n . -Tf 
coscc - cot - 



J 0 

I 4 ®* 

16 

4 4 


« » V 


( 1 ) 


■8V2' 


If we differentiate r times for w, wo get the integral 

r 0 ) 

Jo l+x** \n/ dG 

n 

(2) It will be perhaps more interesting if wc work out the more 
general case 


1+x" 


n being a positive integer. 


On putting and - (0<a<l) 


/ 


l + x*‘ »»J 3 1 + W 


2iow assume 

J ^ I 4 .X J ^ 1—• 


o 1 + -^ 

Take a contour consisting of the part of the real axis from—=© 
to+x,two small semicircles T and T of radii r'and r round the 
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j>omts * = —1, aud the origin reripectivcly, and u semieirde f of Urge 
radius, each on the upper lialf of the z—plane. Let the integral 


/ 


1 + -» 


be taken ronnd this contour. As the integrand luis no singularities 
within 

f =p+f +r"-f +r =0 ... (1) 

} c Jo J Y’ J-ccr J y J -i+r J 
At all points on F, z is very large and the integrand is sensibly 
which vanishes in the limit. 


equal to 




/r='>- 


At all points on T, s is small, and the iufegTand is sensibly equal 


to 2 


a —1 


log 2 SO that Jz** ^logzdz= z*^ —_L^ J which 


vant- 


shca when the radius of T is sutlicicntly diminished. 
Hence 


J_^=0 ; so that from (1) 


i 


X a—1 

(Ixt 


1 + 


f f+ f ° -- i-- _ V 

>X \ J -X J -I+" / 1 + 2 


=Tf . 


Now 




fvi =‘"txresidue of “ ^ 

•* T 1 + 2 


Again within Uie range-x to 0, z is real and negative to tliat on 
patting 2 =s—a. 

o a_i 

+ )= 

—l + r / 14-5 


(i 


-- oc 


= (J /i_^) (ri)'' 


l — x 


a —1 


l^z 


+ Cl —1 

+(_ 1 ) -(J + 
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Now in the limit when / is saffiuiently diminished 

1 + /.0 _ «> f®' 

I + ~ I J^ud -5 -dx='W cot air. 

M-r' Jo Jq I-® 

(Williamson p. 141-) 

So that finally 


1 +x 




+'n»t(~l) ®""^cot tt‘rf=-'rr>(-l)® ^ 


or 


(— 1 )^ ®I+J + 'n^'cot a 7 r= —TT*. 


Equating imaginary paria 


I sin — =s —-n* cot —. 


n 


/•CO 
dx 
o 


n 

cos 


Patting n = 4 


log z . 


n 

1 +x” 

n» 

sm® - 



n 

GO 



[ 


w* 

J 

1+z*^ 

— 8 V 2 


Question 570. 


(pRoPBSHOK SarJAma) ;—Prove that when n and k arc positive 
integers, the earns of the following series vanish 

/ li3.5 ^ 

"V 6 J (2n+l{A-l)(2n+2fc-3)(2t»+^&-d) 

/2f»+2fc+l\ /2n+2ft+l\ 2f»+3 


1 /»+ 2 fc\_ 13 

2*—1'*’\ 4 /'(2n+2A:—1)(2»+2*—3) 


( 6 ) 


V. 1 ^ 3 ' J2n+2fc-l 

2h+ 2 ft -f 1 ^ ( 2 »+3)(2» - 1 ^ 


V 5 y(2rt+2ft-lK2«+2ft-3) . 

whore deaotes a:Cy. 

SoUUioit by J. 0. b>waminaraya», M.A. 

(a) Now^*^ (**)*’■'' vanishes for all positive integral values of 
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„ and k. 

.(-‘-+Dx 

where S stands for x ^ X -_^_ 

I 11 2* (-n-t+a) 

, («+24)(n+2A—l)(n+2A—2)(«+2A—3).. 1 

■ ■ t 2‘ 

X_ L-._ 

(-n + A.-+»)(-n-A+5- 

The aeries inside the brackets can easilj be pnt in the form 
^_fn+2k^ ^^_4./^»+2A^ 1.3 

\ 2 i;»+2A-l V 4 /■ ("2»»+2A-l)(2;»+2fc~3) 

_^« + 2A;'^ i.3.5 

k 6 y (2n+2A-l)(2n+2A—3)(2ft^2Jra)'*'. 

whence the result (a) follows at once. 

(b) Dividing both the aides by (2n+2A+l), we have to prove 

that 

+ . 

„r !-(,. +t)g!!+V(-!1 ± *)(;‘+*^- L)x (2?±1)(2»+5)_ 

3 |2 3.5 ^ . 

^ '} for all posi- 

five integral values of n and k. 

The former is 

z-"-Un+k+iXu+k~l)Oik+~^) .a^e- 

X [i+„.c.(r-?)+„.,c.(=nz|j^)+.J 

•■• C‘t‘) ' 3 "--+ (”J‘'). J = 0 , 

whence the given result (6) follows at once. 

Question 571. 

(S. :-lf ^=,„g tan(-J+:^), 

^ t—/?*/ \3*-paV \5*—.. 
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Sohtfion hy .7. C. Sicaminarayan, M.A; R. J. PococJ(,B,A.t B.Sc., F.RA.S., 

A. Naiostnya Raoand K. B. Madliava. 

By expressing 1 —sin \’nx in factors and taking the logarithmic 
differential co-efficient, we obtain 


•nr _ 2 Lbj_ ZLcI—— ^ .1. _ ^ I 

^|secY^-l-tan ^ j -r^-3^^+5_^ 7+ar+ 

Tf f -n -n ■!_^ _I 

and 2 •^aec-^'—tan 2® J “1+® 3—7— 


•rrx TT 2x 3 2x , 5-2x 7-2x 

2“^«CY^=r^"3W“^5’-a;* 7»-x« 


j"^ aec-^ dx=-log(l-x=)-|-3 log (3 '-x")- 5 log (5»-a")+... 
Changing x into ty, we get 

seoh (l + '/*)-3 log (3*+y*)+5 log (5*+y“)-... 

-rra t (0 

The given condition is eqnivalent to oosh-^ =83c-^. 

, “ffa '">^ 1/9 

tanh Ja=tao dff. 

•nQ 'ff® 

/. <^a=Reo~jv^ d0 and d>ffs=sech-o- da. 

••• ^a./3^\^(Pda + ad0) 

= a seoh “ 2 “ da + j-^P sec.-^dP 

=,ogJ-^-3.og|^:+5.og|;^-... 


Honce 


(liiO ( 


3*-baV U*-/?*/ 


_ ^TTO/ff 


Question 57^- 

X* , x» , x’ 

(11. BH1MAN.SESA Rao) If/(»)=®+3l‘>'5i"l'7j 

(i) (V 2 -I)}’, 

(iii) /(V5-2) = 2-|{log^=‘j’- 


shew that 
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Solution hy J. 0» Stcaminarayanj M.A. 


It id obyioQe that /(0)=0 and /(!)=—, 

o 


(i)AV2_i)=J 


*s /?—1 tanh“'j: 






* ,-V2— 


If we patar=~^,J 


-r fVa-i 


log X 
l~x* 


dx becomes 


V 2 -I 


tanh“* r 


dz or 


/(V 2 -I). 

2/(V2-l)=~-^|log(V2-l)y , whence the result. 

r vs-i y5~i 

(ii)| 2 


-1 


log 




V5-1 


\^5~1 


1-a; 


2 log(l--r) 






V5-1 

O 1 

rfs. whcrea:+l=- 


V5_I 

' 2 !2?Jl^),te+^’ 


lu. r^-1 

2 llog}-+*(fa=2 2 tanh-»j 

* !+» 


_'n* 3( 

6 2 ( 


log^- 

^ 2 


■r 


5 
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irhenoe tbe resoU. 


(iii) /(V5-2) = J ^ ta^_^ dx:=^ tanh-x' 


tanh"®* 




V5-2 


I dx. 

V5-1 


, rV5—2. fV5—1 

By pattiog I, -?■? 5 dx becomes J 2 - 

^ • 1 1—o ^ 

•■■, <( v--») - J-l{ n-‘} -S-K -f-' }■ 

71* 3 f , Vs-l*) * 


71* 3 f , V5-1*) * 


Question 573. 

(M. BBiiaasNA Rao) :—Shew that 


1 2 1.2-4 1 _24»6 1 5 ^ 

2“3^'2* 3-5-7*'2’ * 12 2 (. ** 


V5-1 


Siooe 


Solution by J- 0. Bwaminarayan, Hf.A. 


tanh-’a>_, 2^»j.2-4^‘ 2-4-6^V 

+3 6* 3 -^ 7 ^ + 


the given series is eqaal to 


.Vi:^ 


/ Vl + J 

4 , . , r 8 2 tanh”' (-- 

^ taDh’'*g f *_ \ <g 

0 jbVI^’ a;Vl+®* 


J o 2 0^ 

=2 I ^’-|( log I ■ I bj (ill) of Q- 672 
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Question 578 . 

(N. P. Pin'Ljya) Construct a triangle ABC having given the eide 
BC, the distance between the circamccntre and the symmedian point^ 
and also the distance between the incentre and the excentre. 

Solution by V. V, S. Narayan. 

TIjc circuuicirclo bisects IIj, which is a diameter of the cvelio 
quacirilateral BICI|. 

Tlierefore take BC and describe a ABDC so that BD^CD = fIL. 

l))cu, the circle BDC will be the circomcircle and its centre 0 
the circurnccntre. Hence R is known and since OK is given, v, the 
Brocard angle of the triangle can be found geometrically from the 
well known relation 


OK*=R^(l—3 tan^ ic). 

WitJi tlie usual notation, we know that:— 

flOK = jc, the Brocardangle 
OnK=a right angle« 

• • on =OK cos u?. 


OK ho easily found geometrically, since 

OKisgi>en and since w can be determined as given above Then 

draw BJl so that With c-entre Oand radius Oft draw 

an arc to cut Bfl at Join Cfl, draw C A niakinr^ Or A « i * 

Then ABC ®viU V re^u^ed 
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QUESTIONS FOR SOLUTION 


613 . 


(P. V. Seshc Ajy,vr):—S how that 

n (g) /a\’ II(n + g) x\ 

Lt ll(»+s) 1,2/ II(n+<—s) 2/ 

z =0 z 


=2 log J— 4 '(«)- 4 '(«+«)> 


where stands for log n(»). 

ax 


614. CM. T. NARAXtEXGAR):-If,«^=( ^^-^;;;-‘^V ^y. prove 

that 

. 

615- (Selected) -Find two nombers such that the sum of all the 
aliquot parts of either is equial to the other. 

616- (S. Narataxa Aiv.\b, M.A.) :—Establish the following exten¬ 
sion of Maclaui'in’s theorem 

, o— 6 X ,, ^ (a— 6 )(o— 6 — 1 ) ** , 

4 C-^) + ^ -t4 (*) + b (b+l) r2*^ + 

(„_fe)(a-6-l)(a-6-2) 

6.(&+l)Cfc+2) l-a# W+- 

=4(0)+fca:4'(0)+^|j^-_j^jj.j:2+''(0)+ 

a(g-H)(a + 2) X* 
b(6+l)(6+2)'l-2-3* . 

(а) When tt= 6 , this reduces to Maclnurin’s theoi*em. 

( б ) When 4 (i)=e*, this reduces to Question 576 (I. M. J.) 

(c) Examine the cases when <^(®)=cos X, (l+x)“", etc. 

617. (S. Narayana Aiyar, M.A.) If P(a, x) denotes the 
hyper-geometric series 1 -p .t shew that 

r = o r rf 6 ir(y)r(a-fe-fl)r(a- fr)r(/?-Pr) x- 
2 j^_^ |^r(a)r(;ff)r (6 + r)r(y-Pr)r(a- 6 -r-(-l)T(r+l) 
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■^■b- y-T^*^ K{>+l)y(y+l)l-2 



where a' = a + r, /3'^/3-\‘T, y'=y+>-. 


Examine the case when a=y. 


618- (Professoi-s K. J. Sanjana ami T. P. Triveh) :—h^stablish 
the follomng identities, n being a positive integer »nd p any ratiomil 
nnmbcr >2n : 

1 2n—1 ;>+2» + l •, (2»-2)(2n-3) ri>+2» + l)f/' + 2n-l) 

2*1^ 2M2_ ‘ (2«—l)(2n-3) 

(2«—3)(2«—4){2n—5) (j)+2n + l)(p + 2n-l)(p+2n—3) 

2* (2n-l)(2n-3)(2»—5) 

= (f-l)(j ^3). ( i>-2 n +lX 

2‘'‘ i;3.5...(2n—3H2»—1) ' 


(n\ i_ i>+2H I 2n(2n—3) (p+2n)(p+2n—2) 
^ ' 2»|1 271—1*^ 2‘|2 (2M'-l)(27t-3) 


2»|l_2n 

2nf2n—4)C2n— 5) (;)+2»)(i» + 2n —2)(j3+2(i —4) , 

2‘|^ (2»-l)(2n-3)(2n-5)“ ■ 

= f^)" pfj>-2)...(iJ-2n+)2 
2»*^* i.3.5-(2«-3)(2n-l)* 

,,, , (2n+I)’-l’p+2 {(2n+l)’-P} 

|3^ P+3 

+ (p+2)ip+4)_ 

(?+3)0+6) 

=.C^)" (p-l)(p-3)+... fp-2n + l ) . 
2n+l (p+3)(f — 5) —...(^+2n+l) ’ 

^ ^ [2 p+3 

^ {(2»+l)«-P > {2»+l)» -3»^ 1-3 

If (p+3)(^)-. 


»•« 


= ( p-l)(p-3)...( p~2n+n 
CP+3)(p + 5)...(p+2n+l)’ 


(5) ^ P+1 (2n)» { (2»y-2> > (p+l)0)+ 3) 

If p+2^ g" (P+2)0)+4) 


_-./iNH P(P~ 2 )...(y—2 n4-2^ 

' 0'+2)5+4)Z7(p+2n)’ 


"HI rUATAP OOLLRGK LIBHAKT 
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( 6 ) 1 


(2«)* 1 , (2»)* { (2n)*-2’ } 


1-3 


|2 p +2 


li 


(i>+2)0 + 4) 


_ j>0-2)...(p-2ni-2) 

(i>+2)(i>+4)...(j)+2»)' 

[Each of the series terminates at the (n+1) th term.] 

619. (S. Krishxaswami Aitangar);— 

If _ 1 . 1 r 1 . 1 1 

(2n-l)»(2»i-3)»**'(2n-6)H2M-l)*‘'’(2n-3)> / 

. _L /_L 4. Jl 4._L \ + 

(2»-7)> X (2n - 1)*"^ (2n -3)* (2n - 5)* / 

shew that 

ii.4.ii4.i<4- - 

6 ’ 7* 9’ 2*1^ ’ 

620- (S. Krishxaswami Aitanoar) Find the tuIuo of 

, 3*j;» . 5‘j;* 7V , 

2! 4! 6!"**. 




621. (R. Vttuy.natuaswamy) :—If C is the chord of an arc \ of a 
closed curre, shew that fCde taken over the contonr is equal to X 
times the perimeter of the locus of centroids of aixs of the curve equal 

to X. 

622. (R. Vythynathaswamy) A moving quadrilateral has its 
four comers on a fixed circle. Shew that at any instant tlie sum of the 
angular velocities of the four pedal lines is equal to the sum of the 
angular velocities of the corners about the centre. 

623. 01. Bhiaiasena Rao) Two triangle.s in jjerspective are such 
that the perpendicnlars from the vertices of either, ou the corresponding 
sides of the other, are concurrent. Show that the two points of con- 
cnxrence of these ]icrpendicolars are in a line with the centre of 
perspective. 

624- (A. N. Raghavacuar) Two parabolas of latera recta 4a, 

4& have a common vertex and their axes are inclined at ?vn angle o.. 

I ' 

If they again intersect at an angle (a—and if tho distance between 
their foci is c, prove that 

e> _9f*«(3f«*—4t-f8») 

. ^ a ” 4(<—^»)*(2f—e) * 
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625- (^* S. Naratan) ;—Shew that the lines joining the 
vertices of a triangle to the corresponding vertices of its first Brocard 
triangle concur in a point Q whose trilinear co-ordinates are inversely 
proportional to those of the j)ole of fl SI' with respect to the Brocard 
circle. 


626 .—(M. BHIMASE^^A Rao):—I f/{a:) denotes 

sech ^ ^ sech sech-^^4. 

^ 6 i b 27 'Z ~ 


shew that 


C) /(l)=g 

(ii) /(V3) 


(iii) /(V7)=^(.,in-|--) 

(iv) /(V15) =!(-_,-■ 1) 

j-r) 

(Vi) /(:B)+/(ar->)=^. 

4 

for than zero and those given by (vi) 

h fix) can bo evaluated in finite terms i' ^ 

raffl?!' T -!'B-A )-Pour spheres of 

^6cd(a->+6-»+c'*+i-*)2. 

628. (K. V. A.vantanaravaka Sastri pas t> 

length of the first 1 , Prove that the 
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629. (S. RAiiAKUJAN) Prove that 

n = aD 

n = 1 __ 

n = oo 

«=1 

and dedace the foUo>Ting: 



V2+V1+* . 
V(i-») ’ 


V5V5-10- 


)-i 
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Plane Trigonometry — by H. S. Carslaw (coiTected edition) , 

Macmillan & Co,, London, 1915, 4^. 6t/. 

4. The Laus of Algebra —by A. G. Graknell, Univ. Tnt. Press, 

Loudon, 1915, Is. 

5. .Junior Algebra-~hj A. G. Cracknell & A. Barraolongh, 

Univ. Tnt. Press, London, 1915, 2f. 

6 . According to Art. VI of the Byedaws the andited Balance Sheet 
for the year 1914, and the Budget for the current year are circulated. 
In doing so, the Committee cannot but notice with .a sense of appre¬ 
hension the decrease in the receipt of subscriptions. It is conhdently 
expected that members will try their utmost to pay off arrears and 
current subscriptions. 


Poona, 
March 1915. 


D. D. Kapadia, 
Hony. Joint Secretary. 


Balance Sheet for 1914 


E(:cei})i6. 

Rj>. A. 1*. 

Opening Balance from 

1913 ... 970 1 9 

Subscriptions from 

Members ... 629 0 0 

„ for Journal. 122 13 0 
Miscellaneous ... 0 14 0 

1,722 12 9 


Ex}>endHurv. 



Rs. 

A. r 

Books and Journals ... 

287 

4 9 

Library ••• 

309 

4 0 

Journal Printing 

433 

1 6 

Ordinary Working Ex¬ 



penses 

184 

8 4 

Closing Balance 

508 

10 2 

1,722 

12 9 


Madr.xs, 

r2fft i'cbruary 1916, 


(Sd.) S. NAUAYANA AlYAK, 

Aij. Hon. Treasurtsr. 


I have exaiiiinc<l the Trciisiirer’.s books ami voucliers ami tlie 
monthly statements submitted by the Secretary, Assistant Secretary 
and Assistant Librarian and declare the above accounts to be correct. 


Madras. (Sd.) S. KHISIINASWAMI AIYAR, 

l\lth February 101&. j Anditnr. 


Budget lor 1915, 


Hs. A. r. 

Opening nalance ... 508 10 2 

Snb3cn{)1ions from 
Mcmber.s ...2,100 0 0 

Sale of Journals ... 15o 0 0 


2,758 lo 2 

0th February 1916. ^ 


Fxpt^nditu rc. 



H.'. 

A. r. 

Books .anil Journals ... 

350 

0 0 

Library 

350 

0 0 

Printing Journal 

560 

0 0 

Ordinary Working E.\- 



ponses 

250 

0 0 

Clo>ing Balance 

1,258 

10 2 


2,758 

10 2 


NAHAVANA AlVAK, 

Ay. lion. Trtasuur. 
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Socalled Cases of Failure in the Solution of Linear 

4 

Differential Equations. 

By Eric H. Neville. 

{Continued from page 6.) 

We tom now to the question of the generality of the solution of 
equation (2) obtainable by means of equation (3), that is, to the pro¬ 
blem of the construction of integrals of the equation 

G{y)=0 ... ... ... ... (17) 

In passing we remark that it is shewn by the last example that 
integrals of equation (2) deduced from different functions satisfying the 
conditions of equation (3) may differ, so that a number of independent 
functions satisfying equations of the form of (3) may lead to an equiva¬ 
lent number of independent solutiens of (2), or may lead to any smaller 
number other than zero. 

Again, any arbitrary constants occurring in the function F{x,pu 
may be regarded as arbitrary functions of any or all of the 
parameters without affecting the relation between the equa¬ 

tions (2), (3), the only conditions which may have to be imposed being 
negative conditions, pi-eventing them or certain combinations of them 
from becoming zero or infinite for the special values Oj, a^...ar of the 
parameters ; it is easy to prove, from the way in which the arbitrary 
constants must enter into the function F, that the derived solution of 
equation (2) contains the same number of arbitrary constants as the 
given function. 

Considerations of a different kind appear when we relate the 
solution of equation (17), or in otuer words the discovery of terms in 
the complementary function of equation (2), to tho given result (3). 

The first conclusion from the equation (3) in this connection is 
obvious; if for any sot of values of Pi> Pif'Pr tho function 

h{pi, P 2 ,’--p,') is zero, the function F{t, bn, is a solution o 

equation (17). Wo may call such a sot a zero-set of tho function A. 
If tlierc is only one parameter^, the values of p for which 
vanishes are fixed nnmbei-s, the roots of the equation Kp) = 0’" 
there .are more parameters than one, we can, as a rule, fix arbitran y 
all but one of the parameters and determine the remaining one by o 
condition that the function vanishes; this remaining parameter is a 
function of the imramoters which we consider arbitrary, and if one of 
the latter varies, the dependent parameter varies also. In fact, i 
there are more parameters than one, the values forming a zero-set are 
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the rakes cj, C4....Cs. Then although a variation of these parameters 
will usually change the positions of the zeros of the function 
causing coalescence ami sepai*ation. it will not as a rnle cause any 
change in the total oriler of this function, ami when the order of the 
function is unchanged so also is its value for the determination of 
solutions of the differential equation ^?„(y)=0. 

For example, although the particular solutions e'"'' of the 
equation 

(D-0(D-t«)y=0 
which are suggested by the result 

(D-f)(D-7n)t^*= { (p-l)(p-m) } 


coalesce when I ami m are equal, the corresponding identity 

still has a quadratic function of p for a factor in the right hand side, 
and is still effective for suggesting two solutions of the equation 

iD-ly,j=0, 

namely and .W'*'. 

But it is to he observed that neither in tliis particular case nor in 
general is it necessary or even useful to have acquaintance with tlio 
solution of a more general equation under which a jtroposed equation 
is included. Unless the general equation hajqiens to be such as to 
suggest to ns a function F (.r, p) leading to a function h {p) radically 
different from any such function already known, it is unlikely that by 

attacking the general equation we shall make any advance in solnng 
the particular one. 


The best illustration of this part of the theory is to he found in the 
method devised by Prohenius for constructing regular integrals of 
homogeneous linear equations. A function F(x, p) is formed such that 

0{F(x, p)}^h ip) 


thts function not becoming inhnite identically for any finite vake of p 
and (j>) being a polynomial in p ; the function F {x, p) is constructed 
as a power senes in x whoso co-efficients are rational functions of p 
and ,t IS not always convenient to prevent these co-efficients from’ 
having a common factor in the numerator, though they must not have 
one in tho denominator; for some of the zeros of A (i>) the function 

F(x ^) may vanish identically, and it has been proved by Fuchs and 
by P.obe..„s (for roferenoe, a proof, 

~ fo fra., fo a., fbo ro,„,ar'::'C“,r:f f",;: 
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The precise resnlt is that if the efficient zeros are divided into groops 
so that the real part of each zero differs from the real part of every 
zero in its own gronp by an integer and from the real part of every zero 
in every other gi'onp by an amount which is not an exact integer, and if 
the members of each gronp are so arranged that the real part of each 
is greater than the real part of the zero which follows it in its o\vn 
group, then mnltiplicity of the Ith member of the ith group, 
is greater than the multiplicity of the zero b/,, m which 

precedes it in its own group, and if we denote the valne of d"'Fld^^ 
when p has the value 6^, by the set o'f functions obtained by 

forming from each zero hi,i the g^i —g^j r-i functions 

j-i)’ (jfci Fi,i(gfc,(-i+2),.Ffci (gfcj—1) 

is a complete set of linearly independent regular integrals of the 
equation G(y) =0 (the functions associated with the first member b*, of 
the gronp are the values of F itself and of its first g^j—1 derivatives, 

that is, are 

h\i(0). n,(i). 

It %vill be observed that the number of functions thns obtained 
from the first I members of a group is eqnal to the multiplicity of the 
hh member itself, and that from this lih. member alone we can obtain 
this number of integrals, namely F^i (0),> F*/ (l)....FAi (g^—l)i 
examples can be found to shew that the first g^, i-, members of this 
last set of functions are not necessarily linearly independent and 
indeed that some or all of them may vanish identically. The total 
number of integrals obtainable is the sum of the multiplicities of the 
last members of the various groups, and this is equal to or less 
than Ihe.order of the equation according as it is all or only some of the 
integrals* of the equation which tiro regular. 

In conclusion, wo must return to the construction of integrals of 
equation (17) on the basis of an equation of the form (3) involving 
more than one parameter. There are two possibilities, illustrated by 
the examples already given, which might be thought distinct: t e 
vanishing of the function h(p,, p^...pr) may be due solely to the taking 
of a particular value b,* by one of the parameters independently ot 
the other parameters, or it may be due to the satisfying of a relation 
really determining one parameter in terms of the others. But there 
is nothing vital in this distinction; in either ca.se r-1 of the parameters 
remain arbitrary, and the function F(a P,.-Pr) a function from 
which in general not all the arbitrary elements will disappear in virtue 
of the one equation b(p„ It is natural to regard as the 
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general case that in which, after snbstitnting m F(x, p,. p.-.-P,) or 
one of the parameters in terms of the others in accordance wdh the 
equation ..pr)=0. the function remains a I 

r -1 parameters; then it is a solution of the differential equation ( 1 ^ 
involving r -1 constants, so that r -1 cannot be tn-eater than n, the 
order of the equation, and if r -1 is equal to n, the solution is general. 
But it is equally conceivable for F(r. p., pv-p,) to be o t le oim 

n (X) + A (Pi, Ps---Pr) Pi' Pt^^•^Pr) 

in which case equation ( 3 ) assists us to only a particular solution of 
equation (17); any intermediate case is possible, and in fact the ^rcal 
difference between various functions /i|(Pi’from the point o 
view of utility in this connection resides in the generality remaining in 
F(x-, where 6 „, is a zero-set of the function h (p,. 

p^,..Pr). And what it is important to observe is that if a zero-set 
varies continuously it may yield always the same integral of the equa¬ 
tion (17), or it may yield any number of integrals which are analytically 
distingtiishahlo, but it cannot yield more than r -2 functions which are 
linearly independent solutions of the differential equation. 

Multiplicity of a zero-set is the last point to which we have to 
refer. If the function h together with one of its derivatives of order m 
and all those deinvatives of lower orders which are subsidiary to this 
particular derivative vanishes for the values of the parameters« 

then the function F and all its corres])onding derivatives including that 
of the fnth order, a.ssume for this set of values of the pai*ameter 3 fomi.s 
which are integi*als of equation (17). 

Again we may illustrate from equation (10) how the fact of having 
more than one parameter may be utilised. To obtain more than one 
solution of the equation 

(IP-2Z)+2)y==0 


from the one-parameter results (14), (15), (10) we have to introduce 
complex numbers, andlthcn the factors of F(x, p) exchange parts in a 
curious fashion. The roots of h{p) are 1, i,—i, all simple, the function 
F(x, 1) is real, but the functions F{Xy t), F(*,—t) are complex, and 

(l+i) i-’(*..l)+*F(x, 0+F(x,-0 = 0. 

If we take a,s onr basis the two-parameter resnlts (11), (12), (13) 
we have a zero-set of h{p, g) which varies continuously, and— 2 (p— 1 ) 
{3 Qjj integral for all values of p, q satisfying the equation 
ft(p,g)=0. The only pairs of real values of p, q such that ?i(j 3 , q)=0 
are p=l, ± 1 ; these values cause the integral just found to vanish 
identically, so that a certain trivial amount of justification has to he 
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mmle of the statement that the finite functions «’*■**’*, e'*”*’* are in fact 
inte'jrals, nncl even then the functions are comple-x. Trouble is avoided 
by remarking that the sots (1, l).and (1,— 1) are double zero-sets of ^0?, g) 
with respect to both the parameters p, q, so that four particular inte¬ 
grals (a number equal to the degree of hipfq) in the two parameters) 
arc given as the values of ^F/dp and 9^/99 for tlie two sets. The two 
values of dF;dp are cos x and are not linearly independent, and 

the two values of 9F, 9g are :?:2e* sin a:, and these though noi linearly 
independent of each other are linearly independent of those already 
found. The equation being of order two, its complete solution is now 
in our hands, but we may notice that the values of 9’f*/9/> 9g for the 
two zero-sets are also particnlar integrals; as a matter of fact they 
coincide, both of them being —2e* cos x. 


’ f 
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Some Infinite Determinants- 



By s. 

Naratana Aiyak, M. 

A. 


Lemma. 
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A, ... (1). 

Denioustration. 

By 1 


to n successive inlegrul values from 


nnity upwards and by dcvclo]>ing the detenuiuunts thus obtaioed from 
the fii’.st determinant, we have tJie relations 

A| + <ij =0 
Aiai+a^s^O. 

Aj+ + A|'/a+ (ia ^0. 

•*» ••• ••• 

A,i+A„_i. a, +A„-, ‘^»+•••A;. A,. «i„_,+ti„=0. ... (2) 

Thct»u I’c'luiiuus uro syuimvtricul in A uiul d. If tlic sccouil deter* 
minunt bhoulil ho true the same rehitious siiouhl held. Hence the 
Ltiiiima. 

Other demonstrations may he given hut the ahove seems to be the 
Bimplcst. 
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Pfop. 1. The infinite determinant 
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ie equal to 

r+Oi x+oj + . 

Demonstration, It is easily seen that the minor of in the above 
determinant is (—1)”A„. Hence expanding the determinant in terms 
of the constituents of the fii*st row >ve have it equal to 

1 + A|»+A^^+A^+A4«^+... ••• ••• W 

Taking the same determinant >vith capital A's substituted for the 
small a s, the resulting determinants mil, by the Lemma abovei be equal to 

l + (hx+a^x^^a^x^^ai . ... (b) 

Multiplying the two expressions (a) and (b) and an^anging the 
result in ascending powers of x we find, by the results (2) given in the 
above Xre?Ama, the co«efiicient of every power of x is zero* Hence the 

two expressions 1+ x+A^ x^+A, .and l + a,t+a,»»+aa«*+.M 

should be reciprocals when x is less than unity. 


HeDue ihc 

proposition. 




Example 1. 
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are the roots of ihe eqnatkn l + axA-^a^ — O, expressing 


l^ax+/3x^^^ equal 1— 







and s.panding separately each tena la poa-ers of . the ccemdeat 
I n i, The mmoi- of a” in the above determinant is 
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( 4 ) 

• ••• I 

a deterniinant o( the nth order. 

Hence the value of this determinant of the order is 

where a and b are the roots of the equation l + 

The same value in another form is given in Burnside and 1 anton, 

Vol. II, page 63. 

Ex. 2. Consider the determinant 

-2 cos 0 1 0 0 0 

1 —2 cos 0 1 0 0 

0 1 -2 cos 0 I 0 

I 

... I (5) 

This is of the u*" order and is tlic co-efUcicnt of x” in the expansion of 
1 sin(n+l )0 

^ in powers of x and is therefore equal to 0 • 


9^4 


1 — 2 x cos G+a^ 

Ex. 3. Let l+i),x+p^^+i?,a!\..+i),rc" I'C equal to 
(1 -xa) (I -x/?)(l -xy). (1 -XV), 

then the symmetric function 

Z/(tt->ff)(tt-y)(.a-5)...(a-v) 
is equal to the determinant of the rlh order 
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(6) 


For, espreesiag - 


as the ecm of » partial frac* 


l+P»-^+Pre*+--Pf.-c 

tiooB and equating the co-efficient of x" in the expansion of these fractions 






with the minor of z** in the oorrespondiog determioaot-, we get the ahore 
result. 


Ex. 4. 
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and is therefore equal to the ia6Dite determinant 
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These examples can be indefinitely multiplied by giving particular 
values to Oi, .. 


p7op. 11. The fraction 

I + . to OP 

l + a,j:+a.ix‘+a*a!*+.tooo 

is equal to the infinite determinant 


1 

1 

0 

0 

0 

0 

0 

0 

to X 

0 

1 

X 

X* 

X* 

x' 

x* 

x< 




1 

0 

0 

0 

0 

0 


b. 

fh 

“i 

1 

0 

0 

0 

0 

• • » 


«« 

Oj 


1 

0 

0 

0 

• • • 

b. 

Ol 

fh 



1 

0 

0 

• ■ • 

to 00 

• 4 4 

• • 4 


• •• 

• •• 

■ • • 

• • • 

• • • 

1 


DenionstralioH. By eximiiding tlie determinant in terms of the 
constituents of the first column we get the detcrniinHut given in 
Prop.i multiplied by I + h,x+6»j:»+b^’+... Hence the above is equal 

to the fraction 

1 4 " + ... 

1 + a,x 4- a,x* + ajX*+. 

Cor. By putting a, =aj =0, = .^... =0, we hove 
J .p ...to x 

4 
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eqaal to the infinite determinant 
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Example 5. The determinant given in Prop. If is equal to tlie 
infinite determinant 
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This can be proved’from the relation 

lTa;j+W+... =i+a.>:+a.^’+a.x<+.., 
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SHORT NOTES- 

Peano’s ‘ Space filling Curves.’ 

The notion of a carve, thonph it may appear simple, is in reality 
very complex, and often, when the co-ordinates of any point on it are 
inven as functions of a pai-ameter t, a rigorons analytical reasoning 
leads to results not in conformity with geometric intuition. Peano, an 
Italian Mathematician, wa.s the fir.st to draw the attention of mathe- 
matioian$ to an extremely carious circumstance ; viz.^ that it is possiWe 
to form continuous functions/(/) and 4(0 *^‘*‘*' varying the 

parameter t, the point (®. y), given by a^=/(0. y=4(0. *"ay be made to 
coincide with all the points inside a square. We thus see that we can 
obtain, in a way, a ‘ curve ’ which fills entirely the area of a square. 

The follo\ving, which is a modification given by Hilbert of Peano’s 
construction, gives an e.vtremely simple example of a curve possessing 
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Take a segment of a straight line of nnit length and a square of side 
unity. Then divide the segment of the straight line into four equal 
parts and the square into fonr equal squares ; and nnmber the segment 
of the straight line and the partial squares as in fig. (1). Diride siini* 
larly each of the segnients of the straight line into four equal parts 
and each of the partial squares into four others ; and nnmber the six¬ 
teen squares in the order indicated in fig. (2) so that adjacent segments 
on the straight line correspond to adjacent sqnares and each square 
has a side in common with the succeeding .square. Continuing tlii.s 
division of each of the seg^ients of the straight line and each of the 
partial sqnares into four equal parts, we obtain 64 sqnares numbered 
a.s in fig. (3) so that as before adjacent segments of the sti*aig}tt line 
correspontl to adjacent squai*es and each square has a side in common 
with the succeeding square. We thus see that to each segment upon the 
stxnvight line (0,1) corresponds a definite square. 

We may continue indefinitely this operation. It is then easy to 
see how to each point of the straight line (0,1) corresponds a point of 
the initial square. Let jj be a point of the sti-aight line. If it is not a 
point of division, then in the different stages of sub-division there is 
always a segment containing the point p ; and all these different seg¬ 
ments, one from each stage, He one inside the other and tend towanls 
the point p ; to each of the segments corresponds a sqnaro and all 
these sqnares also lie one within the other ; they diminish indefinitely 
and tend towards a limiting point, say P, which we take as the point 
of the square corresponding to the point p. If on the other hand p is 
a point of division, it determines two .series of segments one lying on 
its right and the other on its left and each having p as the common 
end-point; corresponding to these two aeries of segments wo have 
two series of sqnares. but since the square in one series at any stage is 
always adjacent to tho square in the other series at the same stage 
bo«, sene, define the same point P. which is the common honndnry 
point. Thus again we have corresponding to p a. single point P. 


Next this correspondence is also continnous. For an interval of 
length not greater than d (where 4-'*^ ■>< 4-*^ 

centre mil overlap, at most, into two adjacent intervals at the A"* 
stage ; hereforc two. at most, of the corresponding squares and these 

each mtcrval po.nt of the interval d; and since the diagLal lengS^h 
of two sneh s,„nres is at most f, a circle C with centre P and radios 
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will certainly enclose a correspondent for each interval 


point of d. Xow whatever circle C be described having P as centre, 

■\/5 

we ran always determine k so that is less than its radios, and if 

we take the length of J to lie between and 4“^', it follows that 

the correspondent of each and every internal point of d is inside the 
circle C. Therefore the correspondence is a continuous one. 


Also this correspondence is such that corresponding to a point p 
there is one and only one point P. We may therefore say that, if (*,3/) 
denote the co»ordinates of P, we have ;»'=/{0*2/”4(0 f being 

the distance of p from the origin, where / an«l i are continuous 
single-valued functions of t. We thus have a ‘ continuous line * fil'ing 
up completely a nnit square. 


It should, however, be noted that this is not a case of one-to-one 
coiTespondence. For, though for every point p of the straight line 
(0,1) we have one and only one point P of the square, yet corresponding 
to a point P of the square, we may have one, two, or tour points of the 
straight line. If P be a point of the square which does not lie on a 
dividing line at any stage, then there is one and only one point 
of the straight line corresponding to it. If P lies on a dividing line but 
not at a corner of a square, it will have two different correspondents 
on the .straight line one for each scries of sqnares lying one inside the 
other and having P as common boundaa*y point. Lastly, if P is nt ^ 
corner of a sejuare where the dividing lines intersect as the point q m 
fig (3), it will have four distinct coiTCspondents. 

The functions /(O and (/) thus obtained being continuous functions 
of f, they also offer a very simple example of continuous functions not 
having dericalives. For, if these functions have derivatives, there 
will be an arc for the curve considered which is clearly absurd since 

the curve tills the whole square. 


Now a question may be raised whether such a line as is described 
above can be called a ‘ curve.’ The answer to this will depend on the 
definition of a curve. Jordan originally defined a curve as a ‘ continuous 
line ” i.e., as “ a plane set of points which can bo brought into con 1- 
nuoQS correspondence with the points of a closed segment of a straight 
line and raised a query whether it was possible for sucli a curve to HU 
ap completely a space. In answer to this query Poano gave a 
tion similar to the above and showed that a curve thus defined may till 
up entirely a space; and hence the expression •• space filling curve 



59 


lias crept into mathematical literature. As this curious cii’cunistance 
pointed out by Peauo iloes violence to our common concei»t of a 
curve, a further restriction has since been introduced into tlie defini¬ 
tion of a curve, m., that the corresiiondcnce should be ou«-fo-o«e ; i.c., 
in analytical deiitiition by and y — dCO' / must be conti¬ 

nuous single-valued functions of t, within given limits, which do not 
assunie the same jpair of values for any ttco different values of t within the 
given limits. 

For further information, the reader is referred to Young’s Theory of 
Sets of Points and Jordan’s Cours d' Analyse. 

P. V. Skshu Aiyaij. 


The Generalized Cassinian. 

1. The locus of a point which moves in such a way that the pro¬ 
duct of tangents from it to two fixed circles is constant may be called 
the yeneralized Cassinian. 

2. The equation of the curve. 

Let the fixed circles be 


.S=x*+i/*+2yx+A-^0, 

referred to the line of centres and the radical axis as a.\es of reference. 

Then, if (j-, y) be any point P on the locus, the tuiigeuls /, l' to S, S' are 
such that 

P = S, ('*=6',' and //'=a constant. 6^ snv. 

Hence, the oipiatiou of the locus is 


S.S' = fc'; 


(r»+2yx+*)=6«. 


L»|uation (1) is includoil among the general 
quartics and is further capuble of being written 


class of 



bicii'cular 


(‘/+?")'C+A-]*=(y—y')V+6* 
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3. If 1* he a point on the curve, straight lines dratim through T, T* 
{the points of contact of tangents from P to S, S') perpendicular tc SP, 
iS'P will meet the tangent at P in points equi'distant from P. 



Let the perpendiculars TM, TM' on SP, S'P' meet the tangent at 
P in K, K'. Then, we have 

P =PT*=PM.PS=PL.PK 
_ PT's = PM'. PS' - PL. PK / 


Also, since W s 6’, 



Idt .1 dl'_f, 

Vds ds 

and 

rdr^tdt] r'dr =t’dt'. ... ... ••• (^) 

Hence 

rdr I'dr' _q. 
f'ds'^ t‘*ds' ’ 

t. e., 

1 dr 1 dr'_Q 

PM ds Pil' Is 

But 

drjds^cos — dt^jds ^=cos 

• 

« « 

Pil bee Vj 

or 

Cor. 

r cos'^: /cos4*^ = <*: ... ••• {^) 

4, If the ttormal at P meet SS in G,andM}r in H, 8GiS0 — f*:t^^ 


and MB: M'B=PM^: PM'\ 

For, 

SG: S'G=PL: PL' 

=PL. PK : PL. PK', since PK = PK', 

= e: i.'* ••• ••• ••• 

Also, 

MU : M'H=PM cos 4 : PM'cos a' 

=PM’: PM'*, since cos 4/cos <tf =PM/PM' ... (0) 
Cor, The normal is the eymmtdian through P of the triangle MPM’. 


el 

This follows from the welMcnown property of the symmedian of a 
triangle. 

5. Radius of Cnrvaiure at P. 

LetPSS'=9, PS'S=0', PGS=4>; then 

dsds ds^ as ^ 

Now, differentiating the relation (4) 

f cos : / cos 

we have 

1 dr dp 2 dt 1 dr* . ^^dtp" 2 dl' 

Using (3), (7) and remembering tlmt rdQjds = —sin 4» r’(i07d« =sin 4 ’* 
this may be written 

1 /1 sin <i\ cos i 1 

-cos 4-t»n 4> J -2—^— =-^cos4.- 

.Ysin 4 ' l^ . 2 r' cos 

‘“"♦(,-7 — p+ —fi— 

Hence, simplifying, 

l(tan++tan4')= J _^o^_^cos£' 

p r VOS 4 ^ r'cos 4 ' P t’* ’ 

i.C; L(t:.n++tanf) = jl^+p^_^.(8) 

6. The pedal equation with reference to the foot of the radical 
axis of S, S' as origin, is found as follows 

By §2 

t* = H+2jr cos0-i-fc i 

t> = r’+2(/'rcos0+fc > ... ... ... (9) 

«'= 6 ’. ) 

If p denote the perpendicular from the origin O on the tungeut at 

P, 

P = .(10) 

Also, differentiating the first three equations (9) with respect to r 
and remembering that rdQ:dr=tani, we have 


t £.=r+2_£l®_(®±l). cos (0+<^) 

COS4 ’ ,lr' > 


and 


dr‘ 

i±+yi=o 

tdr^tdr 


Thus 




... ( 11 ) 
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Kliminating t, t', 0, 4 from eqaations (9), (10), (11) we get the 
pedal equation. 

As an example, coD'ider the ordinary oval of Cassini. Here we 
may put 

tj=c=-—g '; fc=c’; 

so that the above equations become 

<* = r*+ 2 cr cos 0 +c*, 
t'* =r*—2cr cos 0 +c®, 
tl' = b\ or r*+c«-2cV cos 20=6‘, 

^ = r sin 4 > 

r (<»+0 + c cos ( 0 + 4 ) sec 4 (r-t»)= 0 . 
Substitute from the first two in the last and we get 
2/'(r*+<^)—4cXcos0+sin 0 tan 4 )^ 9—0. 

{ (r*+c*)- 2 c* cos *0 } -'2c*p sin 0 cos 0 . 

(r>-p*)(/»-c' cos 20 )’=cy(l-cos* 20 ) 
y(c«+y*- 2 cV cos 20 ) = r>(r“~c* cos 20 )’ 

cos 20 )* 

p6* = r(r*—c* cos 29). 

Hence 2rp.b’=2/‘—2c*r* cos 20 

= r*+6‘-(;‘; 

which is the pedal equation of the Cassiniau. {Vide;: Basset, § 251.) 

» 

M. T. Naiumbnoab. 


t.e. 

or 

or 

or 


Cyclotomic Equations. 

1. If aV be a i>ruiie aauiber and a a iiuniber prime to N such that 

tt^=l (mod S)f 

e being the smallest power of a for*which this* is possible, then (AT—1) 
is divisible by e. 

For, by FermutV Thoorcui 

^ = 1 (lUodX). 

V —1 

(a^--l) must be a factor of o* —1. 

^ (y—1) must be divisible bye. 

In other words, we may put {N—l) equal to eJ\ 

2. Again, let fc be a primitive congruence rout of N , bo that (iV^l) 
is the lowest power of b for which the congruence 


is possible. 


b^“^=l (mod N) 
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Take the terms of the series 


1 , 

0 , 


fc. 

ba. 

fta*, 

b\ 

• # 

b^a. 

fcV, 

% • 

-1 




u"-’ I 

fcV-‘ i 

^ (I) 

♦ * « 

« ♦ ♦ 


(i) So two ttrms of this set can he cougrucut to N: 

For if possible let 

, where 

Then if p>}i ; 

otherwise since a'=l. 

In other wonls, =w , whore e'<e ami f </. 

or (.'''=1, 

which is contrary to the supposition, since ef 1. 

Hence, no two terms of tiie above set arc congrnent wth respect 
to N. 

(ii) Also, a'=6/' ; . 

For, the above set contains ef or (I'l—1) terms, none of whicli are 
exactly divisible by .V and the remainder.; are all different. Since 
there cannot be more than (iV—l) different remainders (zero Ijeifig 
excluded) when the divisor is 2^, it follows that a‘'and should be 
congruent to one of the terms included in the above set. They can¬ 
not be congruent to since this would mean that 


j'<f], which is impossible as pro\*ed in (i). 
Hence [/"</] 

[c'<e] 

3. To solve the cyclotomic equation 

(ar^-l)'(*-l)=0. 

Put 

y, = a + a" + a'"*.-f a'’*'' 1 

y, = a''+a''"+a'’‘'*.+ 0'"’“-' !- 

!// = a''^“‘+a *+.+ 0*'^’*''''“' j 

where a is a root of the cyclotomic equation. 
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It is easy to prove that the y's are the roots of a rational equation 
of the/th. degree. [C/: Cajori: T/ieory o/§ 180.] 

M. T. Naraxiexgak. 

Differential Formulae in Astronomy. 

Tlie follo>nDg differential formulae connecting the small variations 
of the parts of a spherical triangle are of fundamental importance in 
Astronomy ; 

5o=-cos B. 5c-{-cos C. 56+sin Aa* 5A ... ... (1) 

SA = ~cos h ^ ••• ••• (^) 

These are easily obtained analytically. 

[Vide : (1) Simon Newcomb : Hphl. Attro., § 6, and App. I, C.; 
(2) W. Chavenet: Astro., Vol. I., p. 50.] 

The following geometrical proof may be of interest:— 

First, let b and c alone vary in the formula 

cos a=cos b cos c+^in b sin e cos A. 

A A 



Project B'C' on BC ; then 

(i) Increment o/BC=BB' cos B+CC' cos C 

=$c cos B + 5A cos C. 

Next, let A alone vary. 

(ii) Incremerft o/BC=CC'cos CC'B 

= C(y sin AC'B 
=sin b.$A. sin C 
sssin A„.5A, 

in the limit, since AC'C—90^ ultimately. 

Hence when 6, c, A all vary, the total increment of BC is 

5 as=5c cos B+S6 cosC+sinAa 5A, 

which is formula (1). 

A similar proof holds with regard to formula (2). 

Example: To 6nd the effects of aberration on the latitude and 

longitude of a star. 



The effect of aberration is to give a star X a displacemeiit XX' 
towards a point A, 90® behind the sun S, such that 


X 



XX'= ft sin XA, 

ft being the constant of aberration. 

Now in the triangle XAN, the angles A and N are unchanged by 
aberration and therefore by applying formula ( 1 ), we have 




t>j = tr cos X+S-r cos N =5'* cos X ; 

... (3) 



5r=Sy cos X+gi-cos A, 

... (4) 

But 


5r = —ft sin r. 

... (5) 

• 

• • 


Sy = —ft sin r cos X = —ft cos x sin i/,... 

... (6) 

since sin 

A 

scus X sec xssin y cosec r. 


Again, 

from (4), (5) and ( 6 ) 




6 x co.< A = —ft sin /*+& .sin r cos’X 




= —ft sin r siu*X 




= —ft sin X sin X 




= —ft sin X cos A sec y. 


since sin 

X 

= cos A sec y = sin x cosec r. 

• 

4 # 


5ji = —ft sin X see y. 

... (7) 


Remombering that 90®—x = NS = aiffcrenco of longitudes of- the 
sun and the star, we get the usual expressions fpr the aberration in 
latitodo and loD|dtudc from (6) and (7). 


V, K. AnKVxitWxs, 
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The Face of the Sky for May and June 1915- 

Sidereal time at 8 p.m. 

May. June. 


D. 

H. 

u. 

s. 



H. 

u. 

6. 

1 

10 

33 

42 

• • • 

• •• 

12 

35 

55 

8 

11 

1 

18 

• •• 


13 

3 

31 

15 

11 

28 
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• •• 

13 

31 

7 

22 

11 

56 

30 

• • • 

• »» 

13 

58 

43 

29 

12 

24 

6 

««« 

• •• 

14 

26 

19 


From this table the constellations visible daring the evening can 
be ascertained by a reference to their positions as given in the star-chart. 

Phases of the Moon. 

May. June. 

D. H. M. D. H. M. 

Last Quarter ... 6 10 53 A.m. ... 4 10 2 P.u. 

New Moon ... 14 9 1 ,, ... 13 0 27 a.m. 

First Quarter ... 22 10 20 „ ... 20 7 54 p.m. 

Full Moon ... 29 3 3 „ ... 27 9 57 a.m. 

The Sun 

enters Cancer (Solstice) on 22 Jane at 5-59 a.m. 

The Planets. 

Mercary is in superior conjunction with the Sun on May 1. There¬ 
after it is an evening star attaining its greatest elongation (23° 17' B) 
on June 1. It is stationary on June 14 and is in inferior conjunction 
with the Son on June 27. It is in conjunction wth the Moon on May 15 
and on June 14 and >vith Saturn on May 31. 

Venus is a morning star. It is in conjunction 'U’ith the Moon on May 
11 and June 10 and mth Mars on May 14. 

Mars is in conjunction with the Moon on i(ay 11 and June 9. 

Jupiter is in quadrature on June 19. It is in conjunction 'nith the 
Moon on May 9 and June ti. 

Saturn is in conjunction with the Sun on June 28 j it is in con¬ 
junction with the Moon on May 17 and June 14. 

Uranus is in quadrature on May 7 and is stationary on May 21. It 
is in conjunction with the Moon on May 6, Jono 2, and June 30. 

Neptune is in conjunction ^vith the Moon on May 19 at 8-22 P.M., 
and June 16. 


V. Raussan. 
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SOLUTIONS 

Questian 429- 

(S. Naratah, B.A., L.T.) Through any point P in the plane 
of a triangle ABC, lines are drawn so that the intercepts made 
by the arms of each of the three angles may be bisected at P. Show 
that their sis points of intersection with the three sides lie on a conic 
X which wU be an ellipse, two parallel lines, or an hyperbola, accord¬ 
ing as P lies within, on, or without the maximum inscribed ellipse of 
ABC, and that X will be two intersecting lines through P, if P lies on 
the radical axis of the circumcircle and the polar circle of ABC. 

SoZttfton by N. Sankara Aiyar and 'Zero* 

Let P be the point (/, g, h) ; then the three bisected lines through 
P are obviously parallel to 

^+^=oy+?=o “+^=0. 

g h h f f g 

which are the harmonic conjugates of AP, BP, CP. Their equations 
are therefore of the forms 

\I+/8lg+y/k=0, &c. 

where / denotes the lines at infinity, viz : oa-pbyff-f-cy. The value of \ 
is obtained from the condition that the line should pass through P. Thus 

2Xft+2=0. C2fc=o/+6ff+a] 

Hence the three bisected lines are 


(>?/?+y/h)=0, Ac. 

A 



Also, evidently B.C, is parallel to BC and its equation is 

ka~fl=0. 

Any conic through the four points B,C,B,C, is thus of the form 
{ka—fl) { k{/Sk-\‘yg)^gh I ^ ~Q 
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where \ is Tariable. If X =/t*, the conic becomes 

^ifga)-hfgh P = 0, 

which by its symmetry must pass through Aj, A,. 

The line 7—0 meets this where Hence the conic will 

be a hyperbola, parabola, or ellipse according as I(a/)- is positive, zero, 
or negative ; that is, according as (J, 3 , A) lies without, on, or, within 

the maximum inscribed ellipse r(aa/^= 0 . 

If r(a/)“=.0, Cj Bj Aa and C 3 A, B| will be collinear. For, since 
BjCj is 1 —ft(/ff/S+yA) = 0 , the co-ordinates ofCj are given by 

f—k(jS/g + Y'k)^0, and y= 0 . 

»-e., a“ + ( 6 —fe/?) iff- 0 , and y= 0 . 

Similarly B„ Aj are given bv 

cy+{a~k;f)a =0, ^ =0 ; 

and b/}+(c—k!h)y=0, a= 0 . 

Hence, the condition of collinearity of C, B 3 Aj is 

ahc = {a-k'f){b~klg){c~k:h) ; 

which on simplification reduces to 

A"—fe*(a/ -t-63+cA)+i(«6f(7+icjfA-I-cQ/i/) = 0; 
or (a/+fc 3 +cA)*= 4 (al)/ff-f-.), 

or r(a/)-= 0 , 

since 2 A=o/ 4 - 69 -f cA. 


Question 438. 

(A. C. L. WtLKiNSOX, M.A., F.K.A.S.)If through a point P 
in the plane of a triangle ABC, straight lines are drawn parallel to the 
sides, show that the six points of intersection with the sides lie on a 
conic which is an ellipse, parabola, or hyperbola according as P lies 
within, on, or outside the maximum inscribed ellipse of ABC. Shew 
also that it is two straight lines if P lies on the minimum ellipse 
circumscribing ABC. (Suggested by Q. 429.) 

Solutitm bg N. SanSrnra Aiyar and Zero. 

The cqnations of the lines through P parallel to sides of ABC are 
evidently 

//—2fta sO, etc. 

The'six points of intersection of these with the sides therefore 
lie on 


(//-2fta)73/-2A^)(A/-2fry)=:-8A’ a>ffy. 
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which reduces to the conic 

fgh P-2h I 5:(aj;»)+4A’I(f>?y)=0. 

As in Q. 429, this is a hyperbola, parabola or ellipse accortling as P 

is without, on, or within the maximum inscribed ellipse. 

The condition for two straight lines is obtained directly as in 

Question 429, and is found to be 

(a/—2fc) (6</—2A:) (ch—2k) = abcfgh ; 

or 4t*-2fc I(a/) + E(a%)=0 ; 

i.c. t{ahfg) = 0, 

which is identical with the condition that the point P (/, g, h) should 
lie on the minimum circumscribed ellipse of the triangle ABC. 


Question 480. 


(V. R.tMASWAMt Aiyar) :—If a straight line cut a three-cusped hypo- 
cycloid at P, Q, R, S, show that the extremities of the tangent chonU 
at P, Q. R, S, lie on a rectangular hyperbola. 

IfS=0, S'sObe two quartics then S-f t S'=0 is the equation of 
the family of quartics passing through the sixteen points of intersection 
ofSs=0 andS'=:0. 

LetS=0 denote the tricusp a' =0 ; andS':=sO denote 

the four tangent chords, 1 *., ax*,+/?^*,+ yrj*=0 ,etc., such that (i, y^z^) 
etc., lie on the given line fot-i*?n/ff+My=0. 

Hence we have to prove that S-pi S' = 0 may for a suitable value 
of k be made to represent the line fa+m>5+«y=0 twice, and a conic 
on which lie the eight points of intersection of the tangent chonls with 
the tricusp. 

In other words 


£a’>fl*—2a/?yE(a)+HI(aa:, 

=(/a + m>3-|.fiy)' { i:Cua)*+2i;(tt'/?y) } . 

Equating coeflBcients of like terms, we get 

ul^ = kx>x,Wx,\ = etc. ... (1 

2uf7n+2u7,=H(ajiV*/*/);etc. /g 

Mut = f ^ (J.I.JJ.S., Vol V n 

I* m* ”” n* ’ : tf =Z: 77 ) : n« 


Again 


and 


» \ X./ ar, 


EJil_ 

X 
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The eqoation giving ^ (J-1- Vol. V, p. 84), 

ly*+2Zay*++tn+»)+27»w*y+TnsH=0. 

r^- o . 

l l - l 

2ulm+2u' i* = fca:,Vx,v(^-2 ) 

.'. 2u'l*^ul (fin—21 —2m). 

tt': «=3»—2—m : 1. 


Hence the required conic may" be written in the form 

.E(Itt*)+2lC3i-m-n) /?y=0. 

This is a rectangular hyperbola, in as much as 

E(l)—2E(31—m—n) cos A5=E(l)—E(3Z—m—n)=:0, 
since 2cos A=2cos B=2cos C^l. 

Hence the eight points in question lie on a rectangular hyperbola. 


Question 483. 

(V. V. S. Naratan) :—Construct a triangle ABC, being given the 
angle A, the side AB and the distance of the middle point of AC from 
the symmcdian point. 

Geometrical Soiutton by the Propoeer. 

Given a side and an angle adjacent to it, the locus of the Lemoine 
point is a conic (Neuberg). Hence, since the angle A and AB are given 
the conic or the locus of K con be drawn. Take AB and draw BAG 
80 tbatBAC=ZA. From B draw BDto AC and let M bo its middle 
T,,,;nt ThrouEh M draw MPK to cut the oonio at P and AC at K so 
{^afpK is of given length. Set off KC along AC so that KC=KA. 
Join ABC which shall be the required triangle. 
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Question 533 - 

(R. N. Apts, M.A., F.B.A.S.):—Find the value of 
where s—c ^1—= and the integi-ation extends over the poflitive 

gs ,.4 

quadrat of-^4.1,si. 


Additional Solufioit by T. P. Bhatkara Shattri. 

dz c’* dz ^ ^ 

- a'z'dy -6*5' 

The given integral U 


—6* “) 
ji- .y* j- dxdy, 

where the integration extends to all i>ositive values of £ and y subject to 
the condition ^ 


By Dirichlet’s theorem, 

avr(i)r(i)/-i 

r(2) 


TT ^ ^ * \ \*/ f 


o'^6*r(2)r(i)ri -1 

+a‘ 4 ~r(3rJo^^”“^ 

■ c" 0 ^ 6 * r(i)f( 2 ) .1 I 

b*' 4 ^(3) -J ^ 

j\a-u)=rf»=i 

o 15 

U_£^‘ .4 .J6 c'h» 1.16 cV 1 
4 • 15+15- '4- 2+15- T- ? 

"A [<*’^’+2cV+fe')]. 


Now 


Question 532. 


(R. Vtthtnatiuswamt) :-If 2A, 2B, 2C are the mutual mcHuations 
of any three lines in §pace and 2L, 2M, 2N, the angles which any 
fourth straight line makes with them, shew ,that the following identi¬ 
cal relation holds 

0 11114 

1 0 sin*C sinTB sin^L 1 . 

1 sin’C 0 sin*A sin’M 1 

1 sin’B sin’A 0 sin'N 1 

1 sin’L sin*M sin^N 0 1 

4 1 1 110 


Remarks by the Proposer. 


Consider the prodaut of the rectangular arrays 


0 

0 

0 

0 

1 


1 

0 

0 

0 

0 

1 


m,-\/2 

«,V2 

1 


f 

! 1 

/,V2 

ni|'^2 

«,V2 

1 

1 


m,^/2 

ti,V2 

1 

and 

1 

1 

W2 

m,V2 

»,V2 

1 

1 


m*V2 

».V2 

1 

1 

^aV2 


»»V2 

1 

1 


miV2 

«.V2 

1 


i 1 

^V2 

?rt4\/2 

n^^/2 

1 

1 

0 

0 

0 

0 

I 

0 

0 

0 

0 

1 


where the l\ m’s, »’s are direction cosines. The product vanishes 
identically. The product is easily seen to reduce to the given deter¬ 
minant. 

Or we may proceed as follow.s: From a point O draw lino 
parallel to the given lines and measure along them OA, OB, OC, OD 
each equal to unity ; and wite down the hlentical relation between the 
distances of the five points O, A, B, C, D e.xpressing the distances 
in terms of the mutual angles. The result will be that stated in the 

qaestioD. 

A simpler relation between the mutual inclinations of any four 
lines in space is that given in Routh's Analytical Statics, viz. 

1 cos (12) cos (13) cos (14) 

cos (21) 1 cos (23) cos (24) 

% 

cos (31) cos (32) 1 cos (34) 

cos (41) cos (42) cos (43) 1 


== 0 , 
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which is easily obtained by considering the product of the rectangular 
array 

m, H, 

Zj nij lij 

h »* 

I ^4 ^4 ”4 

by itself. 


Question 534* 

(Zkro) a given ellipse is projected ortliogonally on a given plane. 
Shew how to obtain the axes of the projection geometrically. 

Solution by A. Narasinga JZuo and the Proposer. 

Construct an ellipse concentric witli the given ellipse, liaving its 
minor axis parallel to the common section of the two planes, and the 
ratio of its axes equal to the cosine of the inclination of the planes. 
Such an ellipse projects into a circle and therefore tiic common diameters 
of the two ellijises project into equal diameter's of the projection in 
question. The bisectors of the angles between these equal diameters 
will give the axes of the projection. 

If wo take tlie limiting cases of the coucenti'ic ellipse having double 
oontuct with the given ellipse internally and externally, we obtain the 
axes of the projection in position and magnitude. For, the projections 
of these limiting ellipses will be concentidc circles having double contact 
with the projection in question and the diameters of contact are there* 
fore the axes in magnitude and position. 
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Question 537. 


(K. J. Saxjaxa, 11. A ) :—Prove that 

135 

2 2 2-4 4 ■’■2-4-6 ” . 

=llog log log (l-fx,a)q. 


wbore 


*1 — 








* 

I 



10 




and that 

1 1*3 X* 13 b 

2 T**'2-4 4 ‘^2-4-6 6 **’ 


= ~\ log (l-a^)-l log (l+V)-:4 


where 


** 4(1-**)’ * 4W+I)’ 


In the first equality * is any real quantity, in the second any real 
quantity less than 1. 


Now 


Additional Solution by N. Sankara Aiyar, M. A. 


(l + »*) 2=l-lx-'+?-?. x*-l±5 

^ ^ o ^o.A. 2'4-6 




f Ci±£) ^dx=iog z-\ 4+\l . 

} X ^2 2 ^ 2-4 4 2 - 4-6 6 ^ 

I 

Thus the first sex'ies is equal to log x+c— dx 

=log g+c+log ^ ■ ~^^^~K -=c+log (14-V1+**)' 

X 

But, since the given series vanishes with x, we have 

c+log 2=0. 

Hence the given series is equal to 
log (l + Vl+*0—log 2 

log (l + l+!s*+ 2 Vl+*^-log 2 

= 1 .0,(1+.,+! log 

=1 log (l+x-)+l log ( 1+j^) '»B 2- 


Let 




4(1+®*) 

_ ?!_ . 

“4(l + *») 

Tbos the given sericsl is (equal to 

} log (l+a?) + ^ log (1 + Vl + V)“a 

= } log (l+a!>) + i(l+x,*)+1 log (l+^i:^_ t g . 
and Ihc transformation can bo continued ad infinitum. 


1 
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— i 13 1’3'5 

Next (1-**) •=l + a^+ 2 : 4 ^'+^- 


and the second series = J 


( 1 -**) 


ds+c —log X. 


=log 


1-Vi-z*. 


+c-log *. 


1—Vl-a» 
^ 

1 


='”Si+vr5‘^'- 

= —log (1 + Vl—x*)+log 2 [patting *=0, 

= --i log (2-J:’+2Vl^) + log 2. 

2—x’+2Vi—r* , ^ * 

= -ilog (l-»^)-Uog , % nog2. 

2vl—«* 

= -i log (l-j^)-pog (l++Mog2 

— log (1—a:*)—i log (1+Vl+a;^)—i log 2, as before; 

and the transformation can be continned ad infinitum. 


Question 557. 

(PfiOFESSOB Sinjaka) :—At a point P of a parabola the normal chord 
PQ is drawn meeting the axis in G and PN is the ordinate to tho axis, 
prove that PQ. AN =2 SP. PG. 

If from P two chords PPj, PPj are drawn normal to the curve at 
P„ prove further that 

SP,.SPj=AS.SP, PP|.PP,=PQ.AN, where S is tho focus. 
Shew also that ths circle PiPjS passes through the circumcentre of 

PP»P,. 

Note by V. V. S. Narayan. 

“Iffromanj point three normals are drawn to a parabola the 
circle through their feet passes through the vertex of the parabola.” 
Add to this tho following property enunciated by Mr. 5f. T. Nnran- 

iengar in the Mathematical columns of the Educational Times ;_“ If the 

normal at P meets the curve at Q and the normal at Q meets the axis 
inG, then shall APGQ be oycUc.” We see that in the present case 
GPAPjP, are concyclic. Now, to prove SP, SP,=:AS SP, produce P,S 

to cut the circle GPAPiP, at R. Then RS = SP„ since P,SP,=2P RP 

SP,SP,=SP,SR=ASSB = ASSP. ” 

Similarly all the other parts of the tjuestion can be proved. 
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The properties ennnciateil in tlie qnestion follow also from the 
following theorem fully worked out on page 263 of Milne’s Weekly 
Problem Papers: 

If OP. OQ, OR, the three normals passing through 0, cat the 
parabola again in P', Q', R', then 

(i) OP'.OQ'.OR'=OD^OD'*.OS/ON* 

where D, D', N are points where the X*" from 0 on the axis cuts the 
cnr\’e and the axis ; 

OP.OQ.OR _ ON* 

’ ^ OP'.OR'.OR' OD.OD'* 

In the present case 0 is on the cur\'e and consequently, the three 
normals are PQi, PPiiPP* and applying the above two properties the 
results stated in the question immediately follow, ^filne’s solution is, 
however, analytical. 


Question 563. 

(N. P. PanDYa) Given two qnadrilaterals in the plane of the 
paper, shew how to draw a straight line bisecting them both. 

Solution by A Narasinga Rao. 

Let ABCD be one of the qnadrilaterals. Produce AB and CD to 
meet at E. 

If PQ be a line bisecting ABCD, P and Q lying in AB and CD 
respectively the envelope of PQ is a hyperbola having EB, EC for 
asymptotes. 

Also, the points of contact of all tangents like PQ which cut AB. 
CD internally He on a certain arc of this hyperbola. 

Similarly all lines PQ which cut AD, BC internally and bisect 
ABCD touch an arc of a hyperbola having AD, BC for asymptotes. 

In the same way, from the second quadrilateral we obtain two 
hyperbolas /«„ /i, the tangents to which bisect the quadrilateral. 

A common tangent of H and h with its points of contact in pres- 
cribed limits is a solution of the problem. 
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QUESTIONS FOR SOLUTION 

Correction: In Q. 624: insert at the where f, s denote tan a, 

tan respectively.’ 

630. (S. Nabayana Aitab, M.A.) :—If 


and 

shew that 




(a- 

6)(a- 

&*)(□— 

bx^)(a- 

-6x*). 

..(a— 

■hx”-' 

■ Cl 

-x)il 

-*’)(!■ 


. 

., (1 

-X”) 

(b- 

a)(6- 

ax)(b- 

ax*)(6- 

-a«*). 

..(6- 

. ox”-' 

" (1 

-x)(l 

-*’)({ 


. 

.. (1 

— X") 

A, 

1 

0 

0 

0 

0 


A, 

Aj 

1 

0 

0 

0 


A, 

A, 

A, 

1 

0 

0 

1 


• • • 

Afl-I 

• • ■ 

A||.o 

Afl—3 

• • « 

■ • • 

• • • » • • 

« « « « • • 

1 

1 

1 

1 

1 

A„ 

•A„-) 


• • • 

• • • « • • 

A, 

1 

1 

1 


wth a similar determinant for (—1)" A„ in terms of the constituents 
Bj, Bj, Bj.B„. 


631- (S. Nabayana Aiyab, M.A.) Shew that if 4 (o,&,c,d) denotes 

, . ar c-dh+z-l . a(z-l) (c-J)(c-d-l) (6+j;-lK&+ar-2^ 

■’'1' 1 1-2'* d(d+l) *(o+a!-I)(a+a-2)**‘'“ 

then «t(g. fc. c, d) r(j: + 6)r (j+c)r(a)r(d) 

4(c, d, a, b)“r(® + a)r(ar+d)r(6)r(c)* 

632. (R. N. Apte, M.A., F.R.A.S.)If r„ r„ r 3 ...r„ be the 
distances of a point P in the plane of a regnlar polygon from the vertices, 
6nd in terms of n, a the radius of the circumcircle of the 

polygon and c the distance of P from the centre of the circle, the snm- 
mation extending over all possible groups of three vertices. 

633- (K. Appokuttan Kradt, M.A ) A particle is projected from 
a point on the boundary of a circular pond of radius a with the velocity 
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\''Zgc» Prove that, if all directions of projection are eqnallj probable, 
the chance of its falling into the pond is 

ti 

-^^1——C03<fi 


1-1 
2 TT 


634- (E- H. Neville, B.A., B.Sc.) :—On the section of a surface by 
a plane through the normal ON at a point 0 is taken a point S at a small 
distance / from 0, and the plane parallel to the tangent plane at 0 and 
distant 1/k from 0 meets the normal at 0 and S to the surface in 
points L and P. Shew that LP* is approximately { (ft„—X)*+a^ } , 

where k„t< <^s normal curvature and geodesic torsion of the surface 

along OS ; dednee that if S traces a small contour round 0, \ can be 
chosen so that P traces a curve which is almost a circle with centre L 
only if the contour traced by S approximates either to a circle with 
centre 0 or to an ellipse whose axes are the principal tangents to the 
surface, and that \ in the first case must be the mean curvature of the 
surface but in the second case may have either of two values. 


635- (S. Krishnasawmi Aiyanoab, M.A.) If «■„ tf*,, represent 

KA, KB, KC where K is the symmedian point, and w»„ fn„ the 
medians, of a triangle ABC, show that 

1. E { o(6*+c’) <r, flfcc 

2 . Ta(b^+c')^=^abc. 

mi 

3- 


636. 


(S. Kbishwa-swaui Aitanoar, M.A.) :—If 

CO _#i 


CO 


sm t' 




show that a„+anti 1°? P+®n+i 


(log py 


2! 


^ 3 ! &! 


%nd Snd sio 
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637- (D- Kbishnamubti) Solve 


638. 


lies on 


(S. B. Bclckab):—I f X=e*a, show that the point 

a(V+l) 6(X>-1) 

’ 2t\ 


.9 


i+^=l 


If \], \,, \, be three points as above, the cii'cle passing through 
these three is 

< N*+M)+(LN+1) } X- 

. (MN+L)(o*-6*)-2(a*+W_n 

^ ^ u, 

where L=£Vi, M=rXj\^ N=X,XaXs. 

639- (V. V. S. Nabatan) The polar circles'iof the five triangles 
external to a pentagon, which ai’c formed by producing its sides have 
a common orthogonal circle. 

640- (Selected) :— 

The Jfa^tc Number Cards, 

“ This trick consists of six cards with certain of the numhci'S from 
1 to 63 printed on them. The magician asks you to think of a number 
between 1 and 63 and then presents these cards one at a time %rith the 
request that yon indicate whether your number is on the card. This 
done ho at once declares the number which you thought of.” 

Explain the trick and po;nt out any easy extensions of the trick. 

641. (S.LECr.D) Thoro cannot be 6vc prime numbers in 

2x3x5-30, cxcojit whed the first term of the progression is 5.” 

BarWe Theory of Numbers, p. 65. 

IlluBtrato or criticise tbo above statement. 
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642- (S. lUiU.vDJAK) ;—Shew that 

n=0 

(2+V5)]’ 

® 2 ('+5+|+ -2S^)®'"(2»+1)- 

643- (K. V. Anantiunabayana Sastbi, B.A.) :-—Prove that 

11 1 ,1-3 1 13-5 1 _ 2-46...2»» 

2n+2*^2 (2;»+4) 2-4(2«+6)+2-4-6 (^a+S)"*"” 3-5-7-...(2;Hn3* 

644- (K. V. Ananthanabaya.na Sabtri, B.A.):—Shew that the 
length of the fourth positive pedal of a loop of the Lcmniscate of 
Bernoulli is given by 

18a . 

J o Vti-*') 

645- (R- P. VY i'HT.VA'ruASWAMY) Shew that au hlentical relation 
must exist between the mutual moments of any be%-on lines in space and 
find it in its determinental form. 

About how many given lines should the niomcut of a line bo known 
to determine the latter completely. 


*9 


3 

J 
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{From I6th Januartj to loth ^farch 1915.) 




1 . 

2 . 

3. 

1 . 

5. 

6 . 

7. 

8 . 
9 . 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 


Aniialfl of Mathem.'ilics. Vol. 10. No. 2. Urccmber ISU- 

Aettopby^caJ Journal. Vol. 40. Noa.4*5. November and December 
1914. 

Bullotiu of Ibe Americno Malhematual Society, Vol. 21, No. 4, January 
1916. 

Ballodu dea Sdoocea Mntbom.aiques. Vol. 3S. November 6„.l December 
1914. 

Educational Times, January ni.d b'cbniary 1916, (6 Copies.) 

L’lnlermediairedes Mathenmticie...., Vul. 21. Nos. 9 & 10. Soplcmber 
and October 1914. 

Mathematical Gusette. Vol. 7. No. 114. December 1914. {4 copies) 

Matbcmalical lleprinis from Kdiicatioiml Ttrnes. Vol. 20. (2 Copies.) 

Mathematics Teacher, Vol. 7. No. 2, December 1914. 

MessenROr ef Mathematics, Vul. 44, Nos. 7*8, November and December 
19J4. 

Monthly NoikCi^ oC the Royal Astronomical Society Vol. 75 Nos. I 4 2, 
November and Docembor 1914. 

Pbiloaopbica) Magazine. Vol. 29. NoS. 169 A 170, January an I February 
1916. 

Popular Astronomy. Vols. 22 A 23 Nos. 10*1. December 1914 ami 
January 1916,(3 copi‘s). 

ProooediuRS of the Loudon Mathemuiical Society, Vol. 14, N o. 2. January 
1016. 

ProceediuRS of the Koyal Socieiy of London, Vol. 91, Nos. 626 * 026, 
January and February 1915. 

Quarterly Journal of Mathematics, Vol. 46, No, 1 December 1914. 

Kevnede MalLcmatiques Spceialcs, Tol. 24. Nos. 11*12 Aurusi and 
September 1914. 

School SciOhce and Malbonntics, Vol. 15, Nos. 1 4 2, Jami&ry and 
February 1915» {,Z copies). 

Transaotioiis of the American Muthematical Society, Vide. 15 & 18, Nos. 
4 & 1, October 1914 aod January 1915. 

Trsneoctioiis of the Uoyiil Sciiely of London, Vol. 214, Nos 521 & 522. 

TheToboku Mathomaiicnl Journal, Vol. 0, Nos. 1,2 & Novembor und 
Dccofnl»cr 1014. 


22. Nature, Vol- 94. Ni s. 2844 to 234S, 2352^to 2355, October,’November and 
Dccemlcr 1914. 

23- ' Bondiconti l)ol circolo Uatcmalioo di Palermo, Vol. 38, Ncs. 2^8. 

24- American Mathematical Monthly, V'ol. 21, Ncs. 9A10, Nnvombor and 
^ December 1914. 
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A Special Class of Equations 

By >[. T. Naraniengar. 

ConMflor the eqnations 

4(») —* = 0, t { 4(a:) > —a: = 0, { <f(a:) } ]—a=0,etc. 

These may conveniently be written 

4(*)—*=0, <#.*(*)—*=0, etc. 

We shall call the fir$t equation the primary equation of the class, 
anti the i-est secondary equations. 

Theorem ]:—Every root of the primary equation is a root of a 
secondary equation. 

For, if o is a root of i the primary, 

4 (a) = a. 

<^»(a)=<J^[4(a)]a<J=(a) = a ; 
or a is also a root of 4*(a:)—x=0; anti so on. 

Cor. Any root of 4"(aj)—x=0, is also a root of 4'”"(x)—x=0. • 

Theorem II :—// m ami « tire prime to each other, the equations 

— and 4'" (x)—z = 0 have rto roots common other than those of 
the primary. 

Find integers a, b such that am—bn^ ±1, which is always po-ssible 
since m anti m are prime to each other. 

Now, if a be a common root of the two secondarie.s, 

4.‘*"'(a)—a anti 4,*’"(a) = a, 

supposing om—6»=1, 

i(a) = a. 

Hence a is a root of the primary. 

Theorem III >^lf h is the greatest common factor of m and n, the roots 
of — are all the common roots of <^”‘(*)—x=0 ami *s=0. 

For, in this case, we can find a, b snch that 

am —6h = ±A, 

so that if a is a common root, 

^«»n(a)_Q ajui (^*"(a)=a. 

Thus } =+'*(«)■ 

<*,*(a) = a. 

Hence the theorem. 

Theorem TV -.—If nbe a prime nimfcer and a he a primitive root of 
4 "(x)—x=0, [that is, a root other than the roots of the primary equation], 
then 4’(a). . ^ootsand are all different. 

Let 0=1, 2....n-l]. Then we have 

= < <^(«) > ='^ < 
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Hence yfl* is a root of the equation 4"(*)-x_0. 

Also /?* cannot be equal to since this would mean 

In othev words,/?, is a common root, of ^-W-x=0 amU W 

_x=0, which is contrary to Theorem II since (i>-g) prime to ». 
Theorem Fi/ « is a ^nme number, (hen 

[4>"(ai)-j]s {+(x)-x} ■ 11 {/(•*)> 

irherc/(x) a cycZic expression 0/(he Jc^ree. 

Let 4(x)-x=0 be of degree p. Then the equation ^ (x)-x-O is 
of degree p” and has (p"-p) primitive roots, being the roots of 

{ <^>‘'(x)—X }{ ^(x)-x } =0. ... — 

But by Theorem IV, a primitive root a has («-l) other roots 
associated .rith it, a=. ? ^(a). Thus the set of roots 

corresponding to a primitive root (a) belong to a cyclic equation 

/(xl=0 of degi'ee n. , . , , . 

Hence, the left hand side of (1) is made up of factors of the type 

/(x), which is the result stated in the theorem. 

OoT. \. Fcrnuits* Theorem folloics at once from the above. 

For p"-ps0, (mod »). 

If p and n be prime to each other, therefore, 

p"-*—1=0, (mod n), 

which is Format’s Theorem. 

Cor. 2. /{ 4(x) >=(-l/"7(-fi)/(*j). 

are the p values of X in the equation 

4(X)-4(x)=0. 

For, from the cyclic property of /(x) we readily see that / { 4(x) > 
is divisible by /(x) ; so that, the left liand member is divisible by the 

product /(x,), fix,) . fixp). Also, since 

xi x,...x> = ( —l)^-*4(x). 

and fix) is of the n"* degree, the coefficient must be (-l)'"^-*' which is 
the same as (-1)^‘'» » being a prime number. 

An Example. 

Suppose 4(x)sx*, and n=5. From Theorem V we deduce that 

(x’’*-l)=(x-l)ll {/(X)> 


where /(x) is a cyclic expression of the fifth dcgice. Wc shall now 
proceed to examine the form of /(x) in ilctail. 

1. Consider the equation 

a*—pi-r'+pp!'—Psx’ + p,x—P j=0 ... ... (I) 





whose roots are o, a*, a*, a", a“. (a“ssl). 

Put 

y,=a + a»+...a‘* 

y, = a»+a®+...a**(=a") 

y,=a'‘+a"'+...a“ 

y.-a*‘'+a’+...a“ 

*/«=a“+o«+...a‘* 
and Sj=.yj+yi; *i=y*+y6- 

Then we easUy find y,y,=y,+y,+ 2y,+y6 \ 

yiy 8 =y*+yB+yB+ 2 y 6 / 

yi!/<=-i+-s+5 ; y»ye=s,+2j+5 ; y8y«=*»4-Sx4-5 

r,2,=4z,+3r,+ 3r,; Ac.; V=3«i+4z,+ 2z,+ 10. 

Thus i:(s,)=r{y,)=_i ) 

I(2,5,) = 10r(r,) = -10>, 

~i“***=32E(»i)4*40=8 3 

so that s satisfies the equation 

s"+z’-10=-8=0. . (11) 

Hence yi, yt nve the roots of 

y*—*iy+ 2 i + s«+5=0; Ac. 

Hence the equation whoso roots are yt, y„ y,, y^, y^ is 

n (y*-Ziy+2,+2»+5)=0, 

or y"+y*+3y''+ny'-f 44y’+36y+32=0, ... (HI) 

by yirtue of (II) 

Also, from (1), 

Pi=yi; Pa=y2+y»5 y»=y5+y«; Pi=yi;p»=l- 
Thus, finally, we have the follo«-ing: 

The cyclic equation 

**—yi**+ (y»+y*)-e*- (y6+y«)*‘+y«*— 1 -0 

where y„ ya—y* arc the roots of (III), has for roots a, a», a* a®, 
a'*; and 

x—l 

2. Equation (III) may be directly obtained as follows 

Write down the values of y,*, yiy„.as linear expressions in terms 

of yi, yi, .• .in a tabular form. 
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TbaB we have 



yi 

y* 

y> 

yi 

1 

Vs 

y. 1 


yi’ 

1 

1 

2 

2 


t 

• • • 

• • • 


yiVi 

1 

• «• 

1 

» # ^ 

2 

1 

1 

1 

1 

yiyi 

• •• 

1 

1 

• t # 

1 

1 

2 i 


ya/i' 

1 

1 

* • • 1 

1 

1 

... , 

5 

y^i 

1 

1 


2 

, 1 

% 

% • • 

1 

yiys 

♦ 1 • 

1 

• • • 

Q 

«« 

1 

1 

1 

1 

1 

1 


From the above table \vc get the values of ji*, j/, i/i** Vi" once as 
given below. 



yi 

Vi 

ys 

yt 

ys 

ys 


y.’ 

i 3 i 

1 

1 

4 ! 

6 

• « • 

6 

6 

1 

yi* 

13 

24 

I 16 

24 

26 

22 


y.‘ 

87 

114 

66 

120 

136 

78 

■ 120 

1 

1 

y." 

577 

574 

354 

548 

628 

1 

324 

600 


[Multiply the first three rows of the first table by 1. 2, 2 respectively 
ami a«l(l; the result is y,*. Multiply the rows by 3, 4, 6, 0, 6, 6 in order 
and a<ld to get y,‘; and so on.] 

From these we deduce 

»i = ^(Vi) = — 1; «a=^(j/i*) = + 5 X( 2 / 1 ) = - 6 ; 

».=E(y,*)=25E(y,) = -25. 

«i=-125; **=—601+720=119; *,= -3005+3600=595. 

Hence by Newton’s formulae 
Pi = -1. 

-.2p,= -5-l = -6. 

3p,=-25-5-3=-33. .'.^,=11. 

-4p,^-125-25-15-ll = -176. P4=44. 

5p*=119-125-75-55-44= -180. p,=36. 

-tV, = 595+119-375-275-220-36 = -192. .-. p,,=32. 

The equation in y is thus established, and is identical with (Ill). 





3. The co-efficients in eqnation (III) may also be calcnlafed by 
arranging the symmetric functions of the y’e into groups. 

Thus 

5:(yu/.) = (l2)+(13)4-K14), 

where (12) denotes (yiys+Siyi+y^/i+t/iys+ytys+Mi) 

(13) „ (yiys+yiVi+Vsys+yiya+Mi+ysya) 

(14) „ (yiyi+yiya+M.+yiyi+yaya+yayi) 

Similarly 

I:(y.y*y.)=(l23)+(124)+(134)+Kl35) 

£(yiy«y,yi)=(1234)+(I235).f K1245) 

^(yiysy«yiys)=(12345) 

By means of the Bret table the several cyclic groups cau be linearly 
expressed in terms of the yV, and the values of the symmetric functions 
found by substitution. The process, however, is tedious. 



Returning to eqnation (I), write 

y,ssa + a"4-a“+<i"+tt*+a* 
y,= a*-f a‘*+o“+a“+a”+a>'‘ 


y, = a*+ a”-f a*+a” 4 - a“+ a® 
—a"+a“-f a‘+a"+a* 


y,=a‘»+a"+a“+a«+o*+a« 


following Gauss’s method; we get 



y« 

y* 

y* 

Vi 

Vi 


y’ 

2 

0 

0 

2 

I I 

6 

yiyt 

0 


2 

1 

2 


yiy» 

0 

i 2 

2 

1 

1 

1 

1 


yiyi 

2 

1 

1 

1 1 

0 

1 

1 2 , 
1 


yiy» 

1 

2 

1 

2 

0 


Proceeding as before, we find 

y.* 

15 

4 

3 

6 

6 

12 

y.' 

60 

28 

26 

49 

38 

90 

y.’ 

346 

205 

1 

> 

195 

250 

240 

360 
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Hence, we can at once write 

s,=W)=30-5 = 25. 
s,= W)=60-34=26. 
g,=£(y/)=450-201-249. 

8.== 1800 -1236 = 564. 

And, from Newton’s formnlao, we deduce 

^.= -12. 

3^3=26+25+12=63. p,=21. 

-4p4=249 + 26 -300+ 21 = —4. .‘.j?4 = l- 

5i>i—564+249—312—525—1 =—125. •• j3s=—25. 

Hence the equation, whose roots are the y\ is 

y^+V‘-12y’'-21y'+i/+25=0.(i) 

In other words, 

x*-y,x*+(y,+ y, + 3)j*-(2yi+y3+2)i' 

+ (j/.+yi+3)j’-yia;+l } . 

where the y’s are the roots of (i). 

5. Lastly, the method of transformation may be employed to 
reach the same resnlt. Thus, putting 

/(i)=a:*-p,®‘+p^"-i>.a:’+Pi3;-yi=0. 

in § 1 above, we obtain the identity 

/(**)=-/(x)./(-a-); 

whence, by equating co-eCBcients, 

2pj=pi*-Pi; Pj’-P.=2(j>if's-Pi) o 

2ps=pi*-p«; pj*-'P*=2(p,p,-p,); J 

Ps = l- 

Also, giving x the value 1, we have 

Pi+?i+P»+Pi+l=0. 

Write Pi+P 4 = 2 , so that p*+p*+2+l=0; then eliminating p„ 

Pl* + P4’+Pl+p4 + 2=0, 

c*+a+2=2pjp«. 


» 
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Again fiCps*—?«) —?»)=2p,p4(y,—p,)—2(^4*—p,®), whence 

sobstitating for p*, p, and dividing oot by (Pi—P4), we get 

f*i?4(yi’+yiP4+p.*)+‘W*(pi+P*)-^y<-8(pi+p4)=0. 

t.fi., c*+ 42 *- 72 *-S 8 z- 24 = 0 . 

Rejecting the factor (c-j. 3 )* we are thus led to the cnbic 

z’+s*-102-8=0, 

which is the same a seqnation (II). 

The values of p„ p4 are readily found os the roots of the quadratic 

J/’—cy+Ks*+-+2)=0, 

since pj+pi=z, and PiP4=5(2*+2+2). 


* The factor(:+3) is rejeoted, beoaaso if e = —3, pi and pt arc the roole of 

P’+3p+4=0; 

and the qaintic in this case becomes 

I*—p*’—2 (p-“2)*Mp+8)»—1 =0, 

which is the same as 

(•^+»+l){ ••^(p+l)a5-(p+S)»-l }^0. 

The cubic factor here correaponde to the roots a. a.^, of the bioomial 
equatioa r’—1 = 0- 
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Mathematical Training from an Economic 
Point of View • (An Extract.) 

Some one has said “ a man’s capacity for mathematics is paralleled 
by the development of the mathematical activity present in the great 
departments of investigation.” Formerly the subject of biology was 
considered remotely distinct and separated from mathematical analysis 
Then those students, who were not inclined to the mathematical 
discipline of their courses Hocked to biologic studies only to learn that 
they had chosen intensely mathematical subjects. 

It seems to me that our great work as mathematics teachers 
will be to lend our influence to the discovery of the relationships which 
underlie other tields of research. If these relationships belong to any 
mathematical category, as I believe they do, then wc have a large 
problem whose solution shall not only conserve the mathematical tiehl 
but shall add the greatest stimulus to mathematical training. 

Let us detennine in how far each of the arbitrary diWsions of the 
subject matter of mathenmtics contributes to desirable human achieve. 
u>ents. Let us give proportionate weights to these divisions which we 
designate as algebra, geometry, analysis and mcchanxet, and determine 
whether the time spent upon them is justified, or whether the raw 
product, the material of our text*books, is poor, or whether we are 
extravagant or indulgent in the luxuries of our subject. It is generally 
conceded that mathematics knows no poverty. If therefore wc should 
discover that our arbitrary division of mathematics is wrong, let us 
have the courage to throw it out. We must recognize the cold hard 
fact that wo are dealing with a commercial problem in which we shall 
be harder pressed. If we can give no adequate answer, then wo are no 
hotter than the unskilled labourer in the street. The modern tendency 
in education is democratic, not aristocratic as men have vainly attempted 
to make it m the past. Our ranks are swollen with men ami women 
whose ideals and culture are no higher than those of ilespised workers 
in other vocations. Professional life Ls no longer a guarantee of the 
liomngc of exaltation. Why is it so ? Because we have introduced so 
niuchin^our studies that is unreal. We have deceived ourselves into 
believing that our efficiency was measured by the number of students 
graduated or passed to a higher gi-ade. What ubout aU those voumr 
men and women who have been neglected because we thought their 
witlKlrawal from school or college was an expression of unfitness v 
Yes, an unfatness in most c ases for an insuHicient school system. Now 

• From a paper hy Ur. E. H, Koch Jr , oflTow York. 


$ 
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&s mathematics teachers how heavily have we played in the roU. We 
must not be amazed then if we hear a challenge pat on onr cherished 
subjects. WUl algebra, geometry, trigonometry, analytics, calculus, 
even arithmetic, stand the test when we ask without bias.? Are they 
taught efficiently in their present text-book form ?” They have served 
US well in the past, but had we not better tear them down and build 
new structures in their places ? If we are content to let them remam 
for a longer time, we must repair and replenish them. Most of our 
teachers look upon algebra, geometry and trigonometry as if they were 
the body of materials embodied in a standard text-book on that sab 3 ect. 
We have just as many blind teachers who regard the formula as 
wooden as if it were intended merely for substitution from data instead 
of for its larger purpose of interpretation. These impediments to 
efficiency in mathematical teaching are the result of onr failure to 
recognize the world as a domain of relationships. It does seem timely 
that we should incorporate all these mathematical subjects and teach 
them more efficiently as an organized whole. We can teach mathematics 
more efficiently by presenting ‘ theory ’ through the problem and post- 
poning the former until we need it and can make immediate use of it. In 
this way wc cun avoid a great amount of the drudgery of algebra. 

“ As each subject grows it fringes *’ and in the garden of mathe- 
matics there are weeds to pull out. One of the most persistent weeds 
that grow among the Bowers in our estate is the so-called “problem. 
Why do wc permit the.se monstrosities, these unreal problems to fill om 
text-books ? They represent a type of fiction which is revolting to the 
pupil. They are vicious in principle because they contradict the realities 
of life. They negate that highest rirtne of mathematics, the search for 
truth. Every puzzle, or “ faked " or “ imreal *’ problem inserted in our 
text-books increases the denominator of the fractmc or ratio Ch ¬ 
eney’ and therefore dccrea-ses its value. Wc should establish the pnne pi 
never to insert a problem which has to be workcl backwanls in contni- 
.listinction to the realities of life. There is plenty ofigood matena for 
real live problems, but if our knowledge of real things la too limited wc 
had better omit the fictitious problems entirely. 

It is a disgrace in this time and age to continue to suffer under he 

yoke of the authority of such text-books, and in the 

of sta.lonl. who .re pro,..ring for coUogo an,, espoclly the 

technical sdiool we protest against this infl.ctiom 

There bus been rea-son for honest variance of opinion regarding the 
If \ I utilitarian value of mathematics as long as those claims, 
e„.ronch;,l iu.ho ohl u.ai.pu.cl doCriwOH : ■•There., no 
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sobject labelled cultnral which is not at the same time practical and 
there is no subject labelled practical which is not at the same time 
cultural.” Through mutual understanding we realize that education Ls 
beginning to teach subject-matter in terras of daily life and is recogniz¬ 
ing the factors which are of value to our people. We have ma4le the 
first serioa-s attempt in the history of our education to meet the demand 
of our economic, industrial and social problems. Wo have learned that 
tremendous industrial forces have been developed without any commen¬ 
surate adjustment of onr school system. We may no longer disregard 
the significance of industry in its influence upon our life. Our systems 
and subject matter must be rehabilitated. Out of the prevailing systems 
there have emerged forma of practical mathematics which connect the 
school with the indnstries and vocations of our people. They involve a 
more or less special training which is best adapted to make the student 
discover for himself and to promote the qualities essential to his success 
in a specific vocation. We are getting a little closer to the various types 
of mind and the precise factors of intelligence. 

Two years ago the speaker undertook the unification of the essen¬ 
tials :of elementary mathematics for electrical students. The subject 
matter of this practical mathematics extends over the usual range of 
elementary mathematics including the notions and symbolism of the 
elements of calculus and vector analysis and vector applications. This 
was necessary in order to meet the students’ requirements in both 
direct and alternating current work. All non-essentials arc omitteil 
and the teaching of theory is postponed until the student requires it 
in his work. We count this a great gain in economy. The student has 
a clear understanding of his work. Ho can express ideas intelligently. 
He has the power of applying knowle<lge practically. He realizes the 
right thing to do in an emergency. He accomplishes a reasonable 
amount of work in a definite time. His class room is always a work 
room. His work Is interesting. It give.s him pleasure. He has greater 
physical endurance, poise, displays greater fidelity, assurance, neatness, 
accuracy and the greatest of all blessings ‘ common-sense.’ He is also 
trained for leadership and executive positions by imposing upon him 
responsibility of foremanship work in the class room, laboratory and 
shop. Upon entering the class room he immediately reports his out- 
signed work on a time sheet on the front cover of his work-book and 
makes a similar entry at the close of the period. The work-book contains 
every scrap of work which the student has completed and this book is 
retained by the instructor who has the student’s entire work under 
constant supervision and inspection. The work of the instructor is 
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mftde more ;lefBcienl by the co-operation of the students through their 
foreman. We are simply recognizing a well established principle that 
a man can learn to direct others by hrst learning to be guided by 
others. Secondly, he can learn to guide others best by working with 
them, sharing their trials and disappointments, and gaining an intimate 
appreciation of and sympathy with their modes of thought and action. 

“ Of the many evils which our examination system has inflicted upon 
os the central one has consisted in forcing our school and University 
teaching into moulds determined not by the true interests of education 
but the mechanical exigencies of the examination syllabus.” t 

The time is not far distant when our college and State examination 
Boards will recognize these facts and they will be compelled to offer 
examinations in a nnifled coarse such as practical mathematics. These 
demand.s mil come first from the technical schools. 

We cannot all be great mathematicians, and so our universities ' 
would become more efficient if they did not attempt to duplicate work 
which could be undertaken better by a few institutions. I >vish we 
would hear the phrase * institutions for teaching ’ very more often than 
we hear about ‘ institutions for learning.’ Would it not bo the part of 
wisdom if many of onr institutions devoted their time in discovering 
how mathematics is contributing to other fields of intellectual aotivitieB 
and thereby promote such projects? We have seen an increased 
efficiency in mathematics teaching since history stepped in and opened 
a new pathway. We should estabUsh experiment stations not only m 
agricQltnre and engineering, bat;also in mathematics and other subjecta 
as well. Then the study of higher mathematics will have an immediate 
justification as well as blazing the future pathway of knowledge. 


t Scioti06| Soptowbor 23,1910. 
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SHORT NOTES. 


On the Integral -ijr 

JO t 


1. Let 


» tan-‘t 


,/ V r* tan 

4(-r) = 

J o t 


dt. 


Then it is easy to see that 

4 ( 3 !)+ 4 (—*)= 0 ; 

and that 

. X X* ,3? x' , 
■K*)=p-3;+5,“^+- 


• • ( 1 ) 


... ( 2 ) 


... (3) 


provided that |ar|<l. 

Changing t into l/< in (1), we obtain 

+(*)—4Q) =l-rrlog ar, ... ... ... (4) 

provided that the real part of z is positive. 

Tlie results in the following two sections can he very easily proved 
by differentiating both sides with respect to x. 

2. If 0<i>A7r, then 


sin 2 j: , sin 6* , sin lOar , 


... (5) 


= x)^x log (tan a:). 

If, in particular, we pnt a;=:|7r and in (5), we obtain 


and 24{l)=34(2-V3)+l7r log (2+V3). 






(7) 


<*<-», then 


2<^(tan|) =sm i+“. ~+~. 11;^ + 


2 sin*j 2-4 sin*x 
3' 3 *^3^' -5 


• •• 


( 8 ) 


If 0<a;<i^, then 


sin X . SiD2^ . <;inl):r 

cos ®+——cos^+!i^cos''z+... 


and 


2* • -31 

= i (tan a:)+-J'n log co3«-zlog sin * (9) 

cos g+ ain cos»x+8in*z , 1-3 cos*x4..sin»x 

V ^2 - 55 - y -+ ••• 

=<Ktan x)+|Tr log (2 C09 X). (10) 
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‘«+ 




If—and a be any number such that 

|(1 _u)sin a:)|<l, and | ^1 —co3 a|<l, then 

(l-l) cos (l -ly (l-i) ■ cos- 

'^ sin g4- "^ 2(|+^^ ) sin'a!+... 

—(^(tan x)—<|;(a tan *)+» log a. ... (11) 

3. Let R(x) and I(x) denote the real and the imaginary parts of 

X respectively. Then, if—1<R(35)<1« 

log ( 1 -fl-) -» *”6 (l-^) + 5 log 0-. 

J^ 4 i(l)—<J>^tan ^-hCI— x)^ J+log tan i-nCl—x). (12) 

Patting xss| in (12) and using (7), we obtain 

(-it) c-i-)'- 

=(2—V3)* e”» where 

Again subtracting log (1-x) from both sides in (12) and making 
x_> 1, we obtain 




, i+(l) 

_1T -If 

8 ® 


(14) 


(15) 


If-l<I(x)<l, then 

lotf (l+^) '3 +51og(l+5i) - - 

From this sod (7)Trve see that if isfar=log (Z+V3).‘1“>“ 

(.4)'(-W(‘4)‘(>4)''. 

where n is the eame as in (l^)- 
It follows at oace 

K^/}0 Kv+a*) 

provided that cosh lira =soc i -n/?- 


(17) 
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4. Now changing x into 2x(l4'*) i“ (15), we have 

log (l +8{f) -3 log (l + Mog (1-. 

=i4(l)-4x(l+t) tan-V'"*''+*’ 

‘Tl 

*11’'^ 3>‘ +■•■; 

Equating real anti imaginary parts, we see that if x is positive, then 

l„g(..5^)-31„g(l.->Mog(-)-... 

8 ,y,x • /cosh ^x^sin 'ttx' 


=|«l)-2. log(^ 


cosh 71*—8m -nx/ Vsinh -nx/ 

_8 f cos T 1 X -wx cos 3ffx -3flx cos 5itx — Swx 

3* ® 


ami 




ton- 8^-3 ton-&’+5 

=2, log / eosh -Wx+Sin ^ 

\co8h ‘ffx—sin ttx/ ‘ Vsinh 


itx 


smh TTz 



It follows from (18) that, if n is a positive odd integer, then 

0400 + l ‘)-(>+^ To +^ r ’. 


-•-J (19) 


\ 


“eif 4 (1) 


1 - 


—-Ivin \2n cos * («—!)-« 


1 + e 




) 


( 20 ) 


ami if n is any even integer then 

(■*¥') (■+sr'('»%y('4')''. .. e.) 

=o.p{|+(l)-|(-l)<"(^{,-!’W)+j. 


then 


Similarly from (19) wo sec that, if » 


IS any positive odd integer 


tan-'^^-S tan“>V5 tan-«H!i’-. 

'* * vi / ^1* 









and, if n is a positive even integer, then 

lan-^’+5 Un-|’- 


= 2n(-l)*” ^ tan-'e 

In this connection it may be interesting to note that 


”"=V (t.n-^-tan-|+ tan- 5-.} 

for all real values of ». 


• •• 


5. Remembering that 

-n 1 




we have 


4 cosh wz l*+4x' 3*+4«* 5’+^ 
»=ao 


CO « = 00 ^ 

cosh n*(3*+4n^«*) J 

1 n=l 


16^3^2/ 2 


cothi coth^ 

2x + '■ r?- 


) 


(23) 

(24) 


p- 3* ■ 5* 

That is to say, if a and /? are real and a^='n*, then 

,(l)+2+( - ••• 

VT/a , /ff\ _ VT f ^ ^ 

—+ 4 >ff 1.1’cosh >S 2*cosh2>? J 
If, in particular, we pal a =/? =vr in (26). we obtain 

s’fe-^-ff-l) bCc^iT-l) I 

+e-^)^2*(«2"" d-e"*^^) 3 (Z^ + e-S-ff) ] 


(25) 


(26) 


-:-9 1 5 9 6 5 5 942, 
approximately 


(27) 


S. Ramanujan. 


A Theorem on Areas- 

1 Tofca number of particles «„ of masses 

and return to their initial poaitions 

„„,e in an, “-“Volrlb ng area. A.. A, .,.A„. Then the 

nWtonWy, after describing uir , 

area G described by Ibeir centroid g is given by 

5:(m,).Ct=E(m, A,)-I(m, R,), 
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where Rj, Rv,... are the area55 enclosed by the paths of £h, ... retetire 
to g. 

For, we have 

A=/(y dx), G=/’(y dx), R=/{ (y—y) d{x—x) } ; 
x=£(mx)/E(f7»), y = £("»«/)/£(to), (/x=£(m Jx)/£(ni), &c. 

£(mR) = E/{m(y—t/) d(x—x) } 

=£(m/y dx)+Z{mfy dx)—Z{mfy Jx)—E(m/y dx) 

= £(TOA)+£(mG)--£(fTOy dx)^fyT(^m dx) 
=£(toA)+£(to).G—£(to).G—£(to).G 
=E(m A)—£(m).G. 

Hence ^C^)* G=£(mA)“£(mR). 

Cot. 1. Id particalar, if the particles move as a rigid system, the 
relative paths are all circles; we therefore have 

£(to).G=£(toA)—TT.I 

where I is the moment of inertia of the system about g. 

Cor. 2. If the particles are free to move in a line, while the lino 
itself moves in .any manner parallel to itself, tho relative paths are 
segments of straight lines and R=0. The formula becomes 

£(to).G » £(to.A). 

2. Consider three particles oi, a,, a,, moving as a rigid system and 
describing equal areas A. Here 

G^A-wA-* 

where Arsradins of gyration of the particles round g. 

Also, if r be tho circnmradius of the inv.ariable triangle a» a, .i,, 
and o the circumcentrc 

k* = 7 ^—og\ 

whence 

G=A—wH+woy*. 

Thus, all points g in the plane of a, a, a, which describe equal areas 

(as o^, a, describe equal areas A) lie on a circle with centre o ; the 

area described by o is (A-wr») and is the minimam area for poiiits in 
the plane. 

Cor. 1. If X, y, 2 , be the areal co-ortlinates of g with respect to 
«> Oi. the above resnlt can be written 

G=xA,-fyAa4.sA,+ 7Tf*, 

where t is the tangent from g to the circnmcircle. 

Cor. 2. On any straight line there is one point for which the area 
described is less than for any other point: this i>oint being the foot of 
tho perpendicular from o on the line. 

13 
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Pi ^ ^ tbree colHnear poinis, then 

^.P+»y.Q+P5.R+'rr.p5.gr.7y=0, 

since P=A—■nr^+'n.oj?’, «fec. 

3. In the preyious article, let circles he described round each 
point of the plane equal in area to the area described bj the point. 
Then, the radical axt$ of any tico circUs of the eyiUm passe$ through the 
circumcentre o. 

For, if Pi, Pi be two points and fii, p» the radii of the corresponding 
circles, we have 

/Oj*=A-^ r*+'ifopj*, 

P,= 'Tr ^j*=A—“ff 

opi*—Of,®=Pi*—pi*. 

Cor. Any three circles drawn as above have the minimam point 
o for their radical centre; and all the circles have a common ortho¬ 
gonal circle. 

R. V?tiit>;atqa»wawt. 



SOLUTIONS. 

Question 358- 

(S. RAMA.NOJAN) L—1£ n is a moUiple of 4 excluding zero, shew that 

l^-' sech ^3”-* 8ech|j^+5"-’ sech- + .-=0. 


We know 


SoZuiton by M. Bktmasena Ran. 
“ J_£?!^*=sechx. 

cosh 


i 

. •® 2 8itt -c!. sla cos (x-a)t.-cos {x + a)t ^, 

* ; n Jo cosh 


= i (sech^2-'‘-sech'+“). 


Also, 


® 2sm atsin(4»+2)xi 


Jo « 


cosh "nt 2 coszt 


dt 


_ f® 2 sin at.dt , . , . • r . 

•*"+**“ 


+ siD (4n 


} 


= I .^scchsech ^'^ - ^ ° -hscch.. 

_ ^ I sech^“ - sech + soch .J 


( 1 ) 


Now 


/ 


® 2 sin oi sin (4 n+2) xt 
^ cosh TTf' 2 cos xt 


dt 


sin^ sin(2» + l)Z 
2x dt 



— .-:— _ ^ , by changing 2j:t into t 

2c03-i * \ 


j sing.sin-^n(2n+I)t ^^| 
^ cosh ^ sin ( \ 


Let n become infinite ; then the value of the above integral 
r . a- °— = — 

Tt i 5 

"|coshS 


71 

2x 


3a7T 5a7f 

bin bin <— 

2x It 

1 + 


IS 


Zt 


2x 


2x 
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S-^aech sech .toco ^ 

e—i **■"» —fi (*-«» 

=e * _** 5 +e ^ —. 

iix^} _ 

• -e ^ +.. 

••• ♦•• •»» •«• »»• 

♦•• •*• ••• •»» «•« 

This double series is absolutely convergent if a5>a>o. 

Summing by columns, we get 

f o 3a 5a 

, \ i5 T 2 

14 __J_+.. 

( cosE ^ cosh ^ cosh ^ 

Similarly, 

1 ^ sech sech sech .. 

r —^ 

1 \ . 2 T T 

_1 J J_c_ e _ 

cosh ^ cosh^ cosh ^ 

V 2 2 A 

/. Thus the right hand side of (1) when n is intioite becomes 
^ .«(!•« • btt 

f smh^ sinh— sinh — 

cosh* cosh^ cosh^ , 

Hence (-1)"? ein eech^!^±i> 

^ ao 2x 

n=0 

=^(-l)"sinh ltj?±l). 8ech^^^"+^^ .» (2J 

n—0 » 

Eqaaliong the coefficients of a*”*+*, wo get 

2j(“l)''[(2n+ir‘+‘^8ech^(2»^_ , 

... (3) 

Putting j = 7r, we have 

^ (_l)"[(2„+ir'*'(.ech’'-^i^(l-(-l)'’') |] =0- 

ri=0 ■ ' 









lol 


When m is even we get no effective result, as the left hand side 
vanishes. When 77i=2r—1, (rz^O) 

which is the required result with r instead of 

When r is zero, the series becomes 

, Tt , 3if .1 . S-n 

sech sech— +^ech-—. 

« 2 5 2 

The value of this series is ^ and is got by making n=sl in Mr. 
S. llamanujan’s series of Question 353 or by Question 626 (vi). 


VUCbLion 410. 


(M. Bhimabkna Rao) :-Tangents at P, Q, R, S on a cubic curve 
having a centre, co-intersect on the curve. Show that tlie mean centre 
of P, Q, R, S, is the centre of the curve, each Jtsymptote bisecting a 
pair of opposite connectors of the quadrangle P Q R S. 

Solution by N. Sankara Aiyar, M,A. 

Taking the origin at the centre and t,vo of the asymptotes as axes, 
Since the curve has a centre, its equation can be reduced to the form 

(,lx+iny)xy+ax+hj=0. 

The tangent at (/, g) on this is 

(2f!//+mg*+o)E+(2mff/+/f+fe)^+2o/+263=0. 

If the point (h. 1 ,) be common to this tangent and the curve by 
ehmmatmg g between this equation and ilHmg)fg+af+bg=0, wo shaU 

No.v 9’'"l-+3(2i/i.+2m/.,+ 2i,)+aE+;/>,+6,,+2a/=0 

■ II t 1 . J’/“+S('/’+6)+n/=0. 

• • <’}+6>J+2a/)--a/mh } > 

*= { «/((r+i*)-/m(2//f; + 2m/i)+25) } x 

Lvidently two of the roots of this sextic are /. ^ 

by r-2vVtV we diWde this 
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Now the coefficient of /* is 

fT; »j+—mPi)* *s Pi)(C; 4-niij). 

The coefficient of is 

(2Pi)&+2af*l;-*2afmi)4-2aZnii))K2f*(aE+&i)) 

= —2Z*l.il(fE+TOTj), by the eqaation of corre. 

The coefficient of f is 

26*(oE+6 s» “ 26^ »f(Zfc+mil) 

The absolute term is 

— h’^iai. +6t|)=6*E*i}(n;+ m i)) 

Hence the eqaation redaces to 

(/■-2l;/+lt’)(/‘+p/’+^) =0. 

/*+p/’+^=0 is the eqaation giving P, Q, R, S. 

i.e. f=±a,±^. 

Hence the E—co-ordinate of the mean centre of P, Q, R, S ; is 

Similarly the ij—co-ordinate .is 0. Hence the centre is 
the mean centre of P, Qi R, S. 

Again, the middle point of PQ will have co-ordinates = 0, 

Hence this point lies on one of the asymptotes; similarly that of R S 
lies on this. Similarly the other two pairs of opposite connectors are 
bisected by the other two asymptotes. 


ue. 


Question 468. 


(N. SAHK4BA Aitab, M-A.):—Solve the equation 

k • 1 " 


O i 5 


Solution by A. Haratinga Boo. 


Pat x=t’«, cos 0 

The integral equation reduces to 

IT 


• •• 


J'2 |cot*0(^^) + 1 } = 


... ( 1 ) 
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i.e. J 2 /(0)‘i0=fr* 

.-.e, f(\)-F(o)=A.. 

where F(0)=:J/(eV0 . 

If any solation P of (2) be obtained, we have a corresponding / and 
y 13 given in terms of 0 by the eqnation. 

cot>9(^)’+l={/(0)}* 

The elimination of 0 between thid valae of y and (1) cletciinincs y 
as a fanction of x* 

PntF(e)=i sin 0+0 ^ 0-G(0)+a, Q being an arbitrary 

constant. This value of F will satisfy '(2) if G is an one-valued 
function of G, 6nitc and continuous in the range 0^0^^. 


Por instance, take the simplest case a=0, G(0)=O. 
The relation detennining y is now 

cot>e(^y+l=**cos'0. 


Hence 




where z^iog x. 

Other forms of P may bo obtained by inspection from equation 
(2). For instance 

(i) F(0)=:£(A,-sin’’0+B,cos'0) the coefficients being connected 
by the relation 


r = l 


(ii) F(0)—a G(sin 40+c) where G is one-valued and ,(i, c 
are connected by (a-.l)G(sin c)-k 


Questions 489, 608,6a6. 

Q. 489. (S. Ramamuan) Shew that 

( j^^-3wV55)(|J^^-57tV55) 
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Q. 608. (M. Bhimase.s'A Rao) :—Shew that 

1 — 
1 _ ?iV3 

(ii) ( 

1 

(iii) ^ 

Q. 626. (M. Bhimasena Rao) :—If f(x) denotes 


shew that 


1 S'TtX , 1 , 5^x 

aech_--sech -^+ 5 Sech _ -... 




(0 /(!)=? 


8 


(»)/(V3)=^ 


(.n)/(V7)=l[»ln-(|)-^] 
0 v)/(V 16 ) = l(-—sin-l) 
(v)/(v|)=|(cos-l-^) 


W) f(x)+f(x-')='^. 


Are there any valnea of x other than zero and those given by (vi) 
for which /(x) can be evalatted in finite terms ? 

Solution by A. 0. L. Wilkinson, M,A., F.B.A.S. 

Weber, Lehr bnct der Algebra, Vol III, P. 86 (11) gives 


q 24 


I (l+g*”"’) =/(«’)> g=e*'"“' 


Also in the table of class invariants 

_ 1+V5 

/(y—55)=V‘2 *i —2—' 

whence Mr. Ramanujan’s result follows. 

Again /(y—i) = y- 2 , /(yr3) = y2, /(y-7)=y2, 
whence the results of Question 608. 

Jacobi, Fimdamenta Nova, p. 108 (46) gives the formula 
1 . 2 1 2 .12 
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Put 


(1) For 1=1, k=h', fc=fc' =^^tc. 


(2) For j: = V3, 2kk' =sin^; vide: Greenliill; Elliptic FunclioitB, 
p. 331. 

(3) For x=V7; 2kk'^h Greonhill p. 331. 

y 

(4) For a? 2 = \/l5, :=sm 18; Greenhill has VAA' 18, an 


obvious misprint. 




Let 


Question 53o- 

(N. Sankara Aiyab, M.A.) :—Solve in integers 

x*4-17 

perfect square. 

Solution by A. Narasinga Bao. 


y+9 


• •• 


... ( 1 ) 


Put y+9=y, 80 that **+l7=y, s*. 

Give X anj integral valne n, and write (n*+17) in terms of its 
prime factors. Say 

(»'+17)=p.2®'+Ay2“.+ tf. . 

where p„p,...are the prime factors of (n«+17) and the ^’s are either 
0 or 1. 

It IS obvioas from (2) that we may take for z any one of the terms 

in the distributed product {l+Pi+p^'i .•■P.®’)(l+Pi-*-p,*+...p, 

If any of these values of s be substituted in (2), we obtain the corre- 

spondmg value o^, and thence that of y. The aggregate of all these 

sets of values for all integral values ofar constitute the complete 
solution. ^ 

A simple solution is 

2=1, *=n, y=n*+8. 

The question may also be solved by giving values to y„ and solvint? 
the equation ® 

®*”yi2*=“17, 

by the usual methods. 


14 
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Question 533. 

(Pbof. K. J. Saxjana) :—Three real nnmbers o, b, c, are written 
down at random. Find the chance (i) that 6*<4 ac, (ii) that 6’>4 oc, 
what is the chance of 6* being equal to 4 oc ? 

So/utton by N. Sankara Aiyar, M.A. 

Case (i) has already been solved on p. 67, Vol. VI, of J. I. M, S. 
Case (ii). If o and c have opposite signs, then l»*>4ac. The chance 
of this is 

If a & c have the same sign, if a is greatest the condition redaces 
to 6*>4c ; if c is greatest, to 6’>4a; and if 6 is greatest, to l>4ac where 
u, b, c are A 1. The chance of each of these cases is J. In case a is-greatest. c 

ranges from— to 0 and b ranges from 1 to 0. Hence the chance of 

4 

6’>4e in this case is 


db 


4 




Similarly ^ Is the chance when c is greatest. 

When b is greatest, if c<S, 4 ac<l. The chance of this is clearly 
i- Wnen c>l a ranges from Ito 0 and c from 1 to i. The chance of 

l >4 ac isi 


dc 


"J- ^ 

4cda= [^ilogc] =ilog2. 


i 

4 


Hence the totnl chance of b< being grenicr than 4oc ie 

Hence the chnnee of 6-=4«> » zero. Thie is erplnlnc. by the foot 
that for any given valoo of V and of n there ts only one ont^ of 

infinity of valnee which will give b'=4ac. and so the chance te - t the 
chance of (.•=4eo for any given valne of 6 i» therefore ».l since a & = 

ehonld have the same sign. That is, the chance of f=4oc is - or zero 
negligible. 
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Question 545- 

(M. T. Naranjenoab, M.A.):—Show that the roots of 8 j:*—18j?+ 9 
=0 and 8y*—18y—9=0 are connected by the relations 

x=34-2y—2y’ and y=3 —j;—2j:*. 

Solution by W. So«fea^a ^tyar, J/./!. 

We have 8x*—18 j+9=0 

8y*_18y-9=0. 

Adding, 8(ie’+ j/*)—18(x+y) =0. 

/. 4(x*-»y+!/*)—9=0; since x+y^iO. 

r.c. 4-** - + V—Q =0 - 

t'.e. (■‘^“1/) .(1) 

Now 

(2y-3)(8y»-18j/-.9) 

=16y* - 24y'' -36y*+36y+27 = 0 
16y« - 243/»-39y’+36y+36=(9 -3y*) 

U. (4i/-3y-'6)*=(9-3y»). 

2*—3y—6 or 6+3y—4y’ by (1) 
i.e. g=2y*— y—3 o r 3+2y—2y*. 

Similarly, (2y—a)= ±-\/9—3^ 

And 

(2.a+3)(8z*-18x+9) 

= 16 *‘+24p''- 36x* -36x+27 

= 16**+24*’ - 39**-36*+36—(9-3x») 

=(4«’+3*-6)>-(9-3i’). 

/. 2y-*=±(6-3*-4t*) 

i.e. y=3-*-2*’ or 2**+2*-3. 


Question 546. 


(S. Rauanojam) :—Shew that 

(l~i) (s“r) (.5“:^) + =12 ‘“B ('^+V3); 

= < '“B (1+V3)} 


( 1 ) 


Soitdtow by M. Bhivtascua Hao. 

(l~l\ + 2 {l^L \-li /I n . 

V3 4/^3'5V3, 4V 35*^3 y/'*' " 

2.2^. 2 1 ,2.4 1 1 

3^^ I 




L 


los 


1 sin”** dz I ri 

"SJ 2 I 


dz I fi f 8m“** - 

2 / Jvi^. 


Now 


8in-‘* dx . . , X r® 

i Vf^ "‘“^ThT^ - / '“Srr 


Vl-a* 


d 8m~’z 


=sin--x 




=sin-'i *ogT+Vr^+/ o 

■ . . a Q. cos 30 + 

=.m-xIog ^ ^ + J 2(cos0+_3_ 


»U1 ♦ 0 

o ‘°^ i+cose '”' p"* 

. sin”** 0 

log oot—. (i0 

O i 

,sm“*a . 00 . 


COB 59 




X . rt / • Q I 8m30 . sin 50 . \ 

=siu-'xlog—^^j^+2(^sm0+-^ + -p- +. ) 

where sin Q^x. 

•■• . 

and 

• Sir . Sw 

r-^sin-nxdx ^ , 1 / . IT . ^ 

J vra-"“ e" 2 +^ + 2(™6 +-3>-+-5r- + -; 

® 1 /I 1 . 1 1 1 1 1 1 1 ^ 

2+^3 2*7* 9* 5*11* "V 

=T'‘’® 2^'"" (K * •••) 

.)} 

■n , 1 * 1 L+^——-h ^ 

=T 2+^ 3^ 3’ ' X 

1 f" 

" 3 J 0 2 Jo »Vl-»* 

24^3"30“Si"''v""') 

=J^log(2+V3) 
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(ii) Considdr the eeries 


. 2 . . 2-4 . 

+T6-‘^“ 


This is eqaal to 


siiih“*x , 

Jo *VI+^ 

^pioh-x^^ Sinh-x 

J a smhw Jo 2 


r tanh 


sinh“‘x 


=2 


2 tatih-»3 ^, _ 


rtanh 


sinh“'x 


2 


Zji2n+iy 


o 


=2 /(s) where 1 

It may be shown that 




( 1 ) 


1 - 


Putting i-^-r > eet 2*V2±1, 

Taking the value V2—1, x=l and by (1) 

/(V2-I)=^’-i { log (V2-I) } “ 

=j^—T { log(l+V2 } *. 

■■• l-|+3^t=-=2/(V2-l) 

=^*-H»og(l + V2)>V 

Mr. N. Sa»kara\Atyar saids a soluticni of (ii) only m $imilar lines. 

Question 575. 

(S. NiBATA.NA Aitab, M.A.):-If B., B3. B„ &c.. are the Ber- 
noallo’8 numbers 1.1, ^ &c., show that 

Bi—B,+ B(—B,+Bo—Bn+... to co=.2LI^P 

6 

Solution (I) hy R. S. Pocock. B.A., B.Sc., F.R.A.S., and 

(2) by K. B. iladhava, 

(1) We have the nsuarformala in the calculus 01 Enite difierences 




llo 


Writing and adding ^ to each side, 

1.1,1. 1 _r_l 1.1 B, . B, B, , 

1>+2* ■ T*"**”'*:? » 2x*'^a? x^'^a* + 

Putting zsiCOy we find C=—; and putting «=1, we get 

6 

B.-B,-i-B,-B.+ ...=^^- 

(2) This is at once dedaced from formula (29) obtained by Mr. 
S. Ramanajan on p. 224 of J. I. M. S., Dec. 1911 (Vol. 3) which states 

except for notation about the suffixes of B 

1 _L 1 . 1 ■ ^_1 1 .Bi_B,.B5 ^ 

(n+l)*'^(n+2 )’(m+ 3)’'*'"‘ n 

00 1 

With n^l and the known valne for £ ^ vu. —> we have at once 

B.-B,+ B,...=^!^. 

This is also obtained from Ex: 26, p. 489 of Bromwich vis., 

J_+_ L- +_J_ +...=C+logi+|-B.^+B^... 

l+*^2(l+2*)^3(l+3*) a 2 2 4 

By differentiation; which is exactly identical mth Mr. Ramanu¬ 
jan’s ; except that this result can be established by applying Euler’s 

formula (§131, Bromwich) to the function 

Question 576 - 

(S. Nabayasa Aitab, M. A.)Shew that 

■ ^+"6+F2 . . 

* , o—b_i. {a—b){a—b—l) , .....tooo 

l + a:_+1.2 6(6+1) 

Solution (1) by T- P- Trivedi, M.A., Lh.B. ajid 
( 2 ) by M. BWma«c»Ki liao. 

x> a(a+l) . . ...,toa> is the coefficient of 

a) !+'’• i+TT 6(b+i) 

in 

|^|(2 + *) +- J ... -|CT 






Ill 


(.+^r .tooDl 

+ \h ^>+1 / 

in l6-l(=+^r^|l + 'jJ^'' + ^-^*+=‘'* ‘"Z } 

i.e. in l^l(3+x)‘’-*e'+= 

»|6 — le* X coeff of s"“* ioCc+x)"***' = [6—le* X cooff of r"“* ic 

. } X 

11+-’+-^+. 4-^-^^+—+ . i 

c |2 Jfe J 

_1_x.-L+^““^^ **,—+.1 

^- X|&~1 1^ |6-2 ) 

_^x f 1 I ,a-b I a?(a-6)Ca-fc-l) ^ ■) 

_e |1 + * —+1-2 6(6 + 1) - - ^. i 

whence the result 

If n—6 be an integer, the series in the deii’’ will be tinito, but this 
restriction is not necessary for the question. 

Quest. 616 suggests another method for obtaining the result. It 
may also be obtained by multiplying the denominator by the series for 
e* and identifying the coefficients. 

(2) If b>a>o, we have 

a(a + l)(a+2).(a + n-l)_ r(6) fl 

K6+1)(6+2).(6+n-l) r((i)r(6-o) J ^ 

l+x5+.^«(^±l)+. 

b^2! 6(6+1)^ 

= rd^)l o 

^'^rw^Xo ‘'‘-“-'u-'r---' 

=e* (l-^^)x + (lraK^a + l) ** 1 

, (.6 6(6+1) 2! . I’ 

by expanding e-** and integrating 

l+x5+ ^°(«+ l)_, a:* a(a+l)(D + 2) 

Hencfe g«= 6 21 bib+U 3\ ' b(b+l){b^ y . 

l+in6^_j^(a—5)(a-.6—1) x* , 

^ 6(6+1) 2l‘*‘. 
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Question 579. 

(S. Narataxan, B. a., L. T.) With the three vertices of a 
^ABC as centres circles are described to touch the opposite sides. 
Shew that the common chorda of these circles >vith the circnmcircle 
form a triangle which is in perspective with the orig^al triangle. 

Solution (1) by V. V. S. Narayan ; (2) by J). Krishnamurti 

and N. Sankara Aiyar^ 

(1) Let be the A formed by the common chords, and let the 
corresponding sides of o/?y and ABC intersect at P, Q, R. We shall 
prove that P, Q, R are collinear. In the figure AD is X to BC and 
AM=sAN=AD, by hypothesis. 

AMN=ANM=ABM. 

AX. AB=AM**AD*. 

DX is X to AB. 

DY is X to AC. 

BX/XA =DB*/DA*, from similar triangles. 
Ay/YC=DAVCD*. 

BX/XA. AY/YC=:DBVCD*. 

BX/XA. AY/YC.CP/PB=:1, by Menelnn’s Theorem. 
CP/PB=CDVDB*. 

If DEP is the pedal we find similarly, 

BB/RA=BFVPA*, 

AQ/QC=AEVEC*. 


e « 
w 

• • 

Similarly 

Thus 

and 

• 

« • 

Bat 



Q 
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Compoandinp, 

CP/PB.BR/RA.AQ/QC=CDVDB^BP FA*. AB’/EC -1. 
since AD, BE, CP arc concuiTcnt. 

Hence P. Q, R. are coUinear. That is. ^ a/?y are 

coaxial. Bat coaxial A* are also copolar. Hence A ABC, a^y ar 
copolar. 

(2) The eqaation in areal co-ordinates to a circle of radius r can 
be written in the form 

r = r*+S, 

where/oA are the distances of the centre from A,B,C, and S=Orei>resenfa 
the eqaation to the circnm-circle : [Titfe Askwith’s Analytical (jeometryt 

p. 313, Q. 22.] . . , 

The eqaation to the circle teaching BC and having A for centre is 

thos c*y+fc’ 2 =iJ*i+S. 

Pi being the A' from A on BC. 

The eqaation to the common chord of this and the cironmcircle i# 

c*y+6*r=i>’i(x+y-i-=) ••• — (U 

The co-ordinates of the i»oint L of intersection of (1) with BC, or 
*=0 are proportional to 

a;: y ; r=0: -(b*-p,‘) : c*-pi* 

=0 : -6*(l-c*V) : c»(l-b»\*) 

=0:-C'6*;B'c*, 

where sin A/a=...=\, and A' = (l—a*X*), etc. 

Similarly the other points M and N can be got. 

Since the determinant formed by the co-ordinates of L, M, N, n'r., 



0 

-C6» 

BV 

1 

Co* 

0 

Ac' 


—Ba’ 

Ah' 

0 


is identically zero, L, M, N are coUinear and the result follows. 


Question 583 . 

(J. C. SwAMiXABAYAN, M. A.) :—Prove the identities 

tan tan -—tan _+. =1 

3 6 7 ■ 



and 


tanh z—tanh 


X .1 

j-{-tanh 





Solution (1) by K. B. MaJhava and A*. Sankara Aivat- 
(2) by T. P. Trivedi, Jf. A., LL. B. 

(1) Now 

1*—z* 3*—z* 7*—z*"^. 

15 
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7T C H 4. 


"■4 * T* Bromwich : Injinile Series, \i 190, Ex. 19.) 
Integrating each side we have 


tnnh .T—tanh ^+tanh — 

o 5 

Again, ^^T^tlng %x for z in the above 
—^5 7 . 

l*+x* 3*+** 5*+*> 7*+^ + 


= -i (I-*). 


7rC_!I __^+_ 

^V+^) 


5tr 


Integrating each .side, we have 

tan -’x-tan-'j+tan “’f-lan ) 

(2) We have \ / 


sin (a+ty)=(;c+ts,) H ( 

, C w’w’ ) 

taking logarithm.s, 

log (sin a: cosh y+t sinh y cos z) = log(i+ty) + log-Jl— 

Pat ar—— and y=~, and equate the imaginary parts on both 
sides, we get 


■nx 


fix 


fix 


tan"‘(tanh ia?)stan-* -^-+tan”*-s-t. 4 .tan*’=t. ..l etc. 
4 PIT 5-w 

444 

=tan“*a—tan”*?+ tan".^—tzn”*^+etc. 

o 5 7 


2 tanh.^2 


Bnt 


2 tan~*^ tnnh ) stan"* - 

^ ^ l-tanh*:!! 


tan->^8inh^* ) ' 
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wheoce the 6rst result follows. 

Again 

1 gd-' (^) =i log lan Q + 

=^log .in(^+|^)-logcos(^+^ ) } 

= 2 ! '“fc' J+'"fc' <l+*)+'°!!(3-»)+Iog(5+^)-log4' 

+log (7-*) + log (9+.i:)-.log8*+otc-log (3+*) 
-log (l + *J + log li“—log (5+x)-log (7+*) 

+logt}*—etc } 

And 

^ 4*. 8V 12». iTar^.TT. 4’ 

, employing Wallis’ formula ; 

also 

i log |-t?istauh->i; 

• L^Z 

5 3ii=| 1»6 '““‘‘-5 • 

3 

tanh->®-tanI»->|+tanh-'|-Gtc=^d-‘(TIr). 

mto l^L ■'‘^“‘*“5' '>y « 
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and 


Question 583. 

(j. C. SwAuiKARATiN, M. A.) ;—Show that 

(Soggested by Qaestion 572 of Mb. Bhimase:(A Rao.) 
Solution by K. B. Madhava and N. Sankara Aiyar, AI. A. 


Let 

Then 


.XV . a:* . as* , «* , 
4.(a:)=a!+_+— 


uod 

SO that we have 


Also we have 
(ii) 

= loga:log(l-i) 

the constant being found by putting *=1. 

Finally we have 

(m) 4 (—c)++(^Y:;:;^;-J ; ^ <1+*) 

= -i{logl + 


Now, if we pul x = KV5-1).-'’+^-1=0J 

(l+x)=ian<l l~x=j^etc. 


1+x 


Hence 


*)’• 

4(x')=^-0ofc-)’- 

4(_.r)=l(log x)*-^. 

which give the required roBults._ 
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QUESTIONS FOR SOLUTION 

646 - (R- Srinivasan, M.A.) :-If xy+y3+rx = l, show that 

2 [ (1+^)^-^ ] [ (l+!/^)‘-J/1 =1- 

647 - (K- Aitukottan Eradt, M.A.);—The curves a=constant, 

/?=constant, where a, /} are conjugate functions of (x, y) throngli 

a point. Prove that the curvatures of the two curves at the point are 



648- (K. Ai’n;KDTT.\.N Ei;ai>y. M..\,.) Tangents TP, TQ are 

<U-awn to the ellipse ‘*0(1 the parallologiain TPSQ is 

completed. Prove that the area of the locus of S, as T completes a 
circuit along x*/\*+i/Vfi.’ = l, is 

■n\p.+2-n a6(aVX"+6^>^—2). 

649. (S. Malhari R.vo, B.A.) :—A gentleman has one third of an 
;«;ro of vacant land round his house. He >\dshes to divide it into flve 
different plots to grow five different kinds of flowers. What must be 
the areas of these plots so that they may be in A. P. and each of them 
may be contained an e.xact number of times in an acre? Shew that 
there cannot be more than one set of values for the areas. 


650. (N. P. Pandta) Circumscribe an ellipse about a given 
triangle so that the centre of the ellipse may coincide wnth the in-centro 
of the triangle. 


651- (S. Mai.hari Rao, B. A.) :—The Nasik or pan-diagonal Magic 
Square (a) has been constructed by placing the scries of natunil num¬ 
bers from 1 upto 25 along the combined paths of a Knight and a Rook 
in chess. By adojiting another method, and guided by the altered 
positions of 1. 7, 13, 19 and 25 a,s shown in square (6), till up the vacant 
cells in it so that it may be magic and pan-diagonal. 


(a) 


12 

25 

8 

16 

4 

18 

1 ■ 

14 

22 

! 

10 

24 

7 

20 

3 

11 

5 

13 

21 

9 

17 

6 

19 

2 

15 

23 


(6) 


! 13 

i 

1 





19 




1 


25 

1 

1 

1 



1 


1 



1 


1V| 
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653. (S. P. SiNGABAVELO Mudaliab) :—Prom a point (eccentric 
angle of an ellipse of semi—axes a, b, three normals are drawn to 
e ellipse, shew that the sqoare on the radius of the circle passine 
through the feet of the normals is 


(“+ 4 ) O+D’ 


653- (Selected):—Find a cube the sum of whose divisors is a 
perfect square. 

654- (R. Vtthtsathaswamy) :—A plane moves in any manner on 

returns to its original position after n revolutions. 
If A, B, C, D be the areas described by four points a, 6, c, d in the 
moving plane, prove the identical relation 

I 0 

1 
I 
1 
1 

nw 


1 

1 

1 

1 

n-n 


0 

06* 


tuP 

A 


ba‘ 

0 

6c» 


B 


ca^ 

c6> 

0 

CtP 

C 

=0. 

da^ 

dV 

dc* 

0 

D 


A 

B 

C 

D 

0 1 


Iw for n-rr 

in this, 

we get 

the identical relation 


aa*uvucB4 Vi tuv lUUi* jiUinia HUM tai; Brew OX 

pedals with respect to any closed curve. 

Also prove from this relation that if A = BsC=:D, then the four 
points lie on a circle. 

655- (A. Nabasinga Rao) Solve for / from the relation 

rKx)^af{x+/S) 

a and being any constants. 

A curve and its n*^ evolntc are similar. Find the intrinsic equa¬ 
tion of the curve. 


656- (A. Narasixga Rao) ;—A square is divided into smaller 
squares by lines || to the sides. P,Q are any two points within the square. 
What is the arcrage number of lines which the hnitc line PQ meets ? 
What is the chance that it shonld meet just k lines ? 


657. (T. P. TaiVBDi, M.A., LL.B.) Prove that the value of the 
determinant of the (n-f-2)^* order 


0. 

1. 

1, 

• • • 

... 1 

1, 

0. 

a, + <h, 


... a| + a„+i 

1. 

<ii + <h 

0, 

^ + <*11 

... (ia + an4i 


1, ®1 + Urt+1, U^ + On+i) + ••• 
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IS eqnal to 




Also 6n(l the value of the determinant of the (n + l)''* order, 
obtained from the above by deleting the 6rst colomn and the fii-st row. 

658- (K. J. Saxjana, M. A.) :—Prove the identity 

2 { o.r+6y-f-(a + fc)(.c+y) f ® 

-6 { aa, + 6y + (a + 6)(j; + j,) } (aHn& + 6*)(jr’+*y + y=) 

“-27aha:t/(a + fc)(x + y)=(rt —ft)(x— y)(2(i + h)(n + 26 )( 2 r + y)(j-+ 2 y) ; 

and deduce the theorem of Cayley that 

<“+Ay+cs, 6x+cy+ar, cx+ay+bs 
are the three roots of the equation 

4P-3Ca>+6> + c*)(x=+y^ + r*)t -54 ohexyr 
, , , ”2(6-c)(c~a)(o-6)(y-s)(-«3.)ra._y)_o 

when a+6+c and x+y +2 both vanish. ^ 

[In the ^reesmger of ilatbematics for November 1914. Prof 
bteggall htw given a direct proof of the theorem which, it appears was 
.rove.1 by Cayley by .he ,..,e of dotenninao,.,. The 
Very simple indirect proof,] 

659. (M. Bhimasbxa Rao) Shew that 

(1) (l+e--") . 


(2) (l+e-’'V2)(l+e-2"V2^('l + 


-3-nV2^ _ 

,'n^/2/24 




660. (M. BmMAssxA Rao) Shew that the locus of fb« t i, 
pom. of orthologie friangles doeoribocl on AB and CD in .h ! ! 

of .he clrolee having AD and BC as diame.e^ ° 

661. (S. Ramandjan) :_Solve in integer 

find deduce the following: * 

6>-5»—3*=2*- 
d*+6*+P=3‘’: 

46*-37»-3*s:6*’ 

174*+133*—45*=Jl4«. 

U88*-509*-3»=34#' 

chord of a citolf ABa'^ Bi'sT^tfhf ^ diameter and BC be a 

chord BN equal to half of the chord BC.“ 
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circles with A and B as centres and AJf and BN as radii cutting each 
other at S and S' and cutting the given cirele again at the points M' 
and N' respectively. Join AN and BM intersecting at R and also join 
AN' and BM' intersecting at R'. Through B draw a tangent to the 
given circle meeting A2il and AM' ]irodnced at Q and Q' respectively. 
Produce AN and il'B to meet at P and also produce AN' and MB to 
meet at F. Show that the eight points PQRSS'R'Q'F are cyclic and 
that the circle passing through these points is orthogonal to the given 

circle ABC. 

663- (S. Krishsa-swami Aitanoab, B. A.):—Establish the following 
relation with respect to Bernoulli’s numbers :— 

B,-c,. B 3 . 4+c„. B,. B,^i.4”-> 

2 

where c,— 2 „ 4 .iCr 

664. (S. Krjsii.n'ASwami Aiyanoar, B. A.) : —Prove that 

V f r(»+i) l ^ 

^lr(n + 5)/'« -n 

665 . (R. N. Aite, M.A., P.R.A.S.) :—Find the value oi 

wherers(l— 1 / 76 ’)^ and the integration is over the positive 
quadrant of x*/a*+yV6’=l- 

666- (S. Ramanlja-n) Solve in positive rational numbers 

For example : 35 = 4 , y =2 ; a:=s3§, y = 2{. 

667. (S. Nabayaxa Aiyab, M. A.):—Establish the truth of the 
following theorems; 

1. If F(y) = +(y) =^'tfy+ l)+^'^'(yh2)-^<t(y+3)+ ... 

then 4(y)=ny)+fF(y+0+^F(y+2)+|jF(y+3)+... 

2. If F(y)=+(y)-Y4(y+l)+''^^^^4(y+2)-... 
then 4 (y) = F(y)+pF(y+l)+ ”<^)F(y+2) + -. 
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Forces along non intersecting Generators 

of a Hyperboloid 

By R. VTTUT.SATEAi.WAMY, B.A. 

[In this paper some properties of systems of forces along 
generators of the same system of a hyperboloid are de<lQCod by 
combining the theory of the nul point and the nul platie with that of 
the polar point and the polar plane. A brief accoont of such systems 
of forces is to be found in Koutli’s Analytical Statics, Vol. I, Chapter VII, 
to which the reader is refeiTcd.] 

1. Tlie identical relation hctwfen the mutual moments of seven lines 
in space. 

If )»,, p.,, t'fXr —I, 2, ...T) be the co-ordinates of the 

lines and (r«) represent the monieut of (/,•••) and (/a ..), it is reatlily 


seen by the multiplication of the arrays 





WK^r 

M,\,p 

Lrt'rll. ll>'rH.. 

K 

m, »,|1 

0 

r = l,2...7) 

that the required relation is 







0 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 



(21) 

0 

(23) 

(24) 

(25) 

(26) 



1 

(31) 

(32) 

0 

(34) 

(36) 

(36) 

(37) 

1 

1 


(41) 

(42) 

(43) 

0 

(46) 


(47) 

=r0. 


(61) 

(62) 

(53) 

(54) 

0 

(56) 

(57) 



(61) 

(62) 

(63) 

(64) 

(65) 

0 

(67) 

1 

1 

1 

1 

1 

1 

(71) 

(72) 

(73) 

(74) 

(76) 

(76) 

0 


2s The neceseary and su^ient cotiditxon that 

the skew lines a, b, c, d 

he on a hyperboloid is 









1 

0 

(ah) 

(ac) 

(ad) 





1 

A= 

{ha) 

0 

ihc) 

(6d) 

=0 





(co) 

(c6) 

0 

(cd) 






(da) 

idh) 

(Jc) 

1 

0 



or 



•-2vr. 

-2rp- 

-2p.2=* 




wherep=.(6c)(a(i).,^ = (c«)(W), r = iab){cJ). 




First-.^The condition is necessary. For, if a, 6 , c>d lie on a 
hyperboloid, then there are three lines e^fy g which meet them all. 
The identical relation of the previoos article becomes 




0 (e/) (e?) 

(/O 0 if9) 

(?e) (af) 0 


= 0 . 


Since e, /, g are skew, the second determinant cannot vanish and 
hence 


A=0. 

To prove the second part •, Lete, / be the determinate lines which 
meet o, h, c, d and g an indeterminate line meeting 0 , 6 , c. (Ronth, 
§ 320). Since A is given to vanish, the fondamental identical relation 
assumes the form 


(d3)*‘h+(‘i&)4’a=0. 

where 4^ do not depend on g. 

Hence (dg) is either zero or constant for all positions of g- 
In the latter case also (dg) is zero, since e, / are possible positions 

of g. 

Thus g meets d and hence a, b, c, d lie on a hyperboloid. 

3 . ///our non’intersecting forces are in equilibrium their lines of action 

lit on a hyperboloid. (Ronth, § 316.) 

Let P, Q, R, S be the forces, a, 6 , c, d their lines of action. 

Taking moments abont a, &, e, d and eliminating P, Q, R, S from 
the resulting equations, we see that the determinant A of the last 
article vanishes. Thus a, 6 , c, d lie on a hyperboloid. 

Cayley's TAtforentThe forces P, Q, R, S are proportional to 

A=, B-, CS D“ where A=:(6c)(cd)(d6), etc. (Ronth, § 316, Ex. 6 .) 

Let I„ represent the minor of the constituent of the r'* row and 
column in the determinant A. Then 

lu lu lu !»* 

But by Salmon’s Higher Algebra luTn^Fu. 

111 ^*1 

Since Iu=A,...tbo result follows. 

Cor.—Resolving along the four lines, we get 

A^+B^ 006 ((^)+C^cos(oc)+D^ cos (id)sO, 
and three similar relations. 
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It is easily seen, that the forces are also proportional to the lines 
of the ^oUd angles between every three of the four lines. 

4. Nul Lines and Planes ; 

Consider a system of forces along generators of the X-system of 
a hyperboloid. 

(i) Every ft—generator is anuZ line of the system since it meets 

all the forces. 

(ii) The nol plane of any point A on the hyperboloid passes 

throngh the ft—generator through A and is therefore tho 
tangent plane to the hyperboloid at some point B of this 
generator. 

(iii) The system can be reduced to two conjugate forces along 

generators of the \—system. (Ronth, § 303.) 

For the conjugate of a X—generator must meet all the mil lines 
which meet that generator. That is, it must meet all the ft—generators 
and is consequently a X—generator. 

Bij. Two such generators shall be called conjugate generators 
of the system. 

5. Ii the nul plane oj A is the tangent pla}ie at B, then the nul plane 
of B is the tangent plane at A. 

Let o, a' be the X—and ft—generators through A, and let b bo tho 
generator conjugate to a. Then the nul plane of A passes through 6 
and is the plane (A6) or (o'6) and is thus the tangent ‘plane at tho 
intersection of a' and b. Hence B is the inteniection of a' and b. 

Similarly, tho nul plane of B is tho plane (Bo) or (oa') and is 
therefore the tangent plane at A. 

Dcf :—Two points on the hyperboloid may be said to be conjugate, 
when the nul plane of each is the tangent plane at the other. Thus 
it appears from the above that any two conjugate generators cut any 
ft-generator in conjugate points. 

6. If P,P' be the ends of a diameter of the hyperboloid and Q,Q their 
conjugates, then QQf tall be parallel to the principal force of the sifstem. 

For tho nnl planes of Q and Q' must be parallel, which means that 
tho tangent planes at tho conjugates P, P' should be parallel. Hence 
tho result. 

7. Self-conjugate points and self-conjugate generators-.—li QQ' bo 
itself a diameter, then PP' and QQ' will coincide. In other words, the 
prmcipal force at the centre meets the hyperboloid in eelf-conjigate 
points. The X-generator of cither of these self-conjugate points is 
a self-conjugate generator ; every point of a self-conjugate generator 
IB a solf-oonjugato point, since conjugate generators must pass through 
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coajagatd points. The $elj'Conjugatt generators are nul lines of the 
system, since they lie in the nnl planes of the self-conjngate points. 

There is some difficulty in the proper conception of a self-conjugate 
generator. A self-conjugate generator doe.s not mean that the given 
system of forces reduces to a single force along it, as may appear at 
first sight. When two conjugate generators coincide what happens 
really is that the equivalent forces along these become infinite and by 
pulling in opposite directions along the self-conjugate produce the same 
effect as a finite force and a conple. (See Ronth, § 306.) 

8. The nul plane at the centre is the diametral plane of the principal 
force. (Routh, § 317, Ex. 9.) 

For the nul plane at the centre is parallel to the nul plane of any 
other point on the principal force at the centre and is thus parallel to 
the nul plane at the self-conjugate point in which the principal force 
meets the hyperboloid. Now, this latter is the tangent plane at the 
self-conjugate point, and therefore the parallel central plane has the 
property stated. 

9. The result of § 6 may be generalized as follows ;—//PP'fce 
a chord of the hyperboloid passing through a fixed point L, and {Q, Q!) the 
conjugates of (P, P'), then the chord Q Q* passes through another fixed point, 
xl/, which is the pole of the nul plane of L. 

For, the mil planes of points on a line have a common line of 
intersection (Routh §303.) Therefore the nul planes of P, intersect in 
the nul plane of L. But the nul j)lanes of P, P' are the tangent planes 
at Q, Q’. Hence the tangent planes at Q, Q' intersect in the nul 
plane of L. By reciprocation, the chord QQ' passes through the 
pole of the nul plane of L, which is a fixed point. 

Cor. Let R be the principal force at the centx’e and Rj, R, two 
conjugate tUameters in the diametral plane of Rj then if PP bo a 
chord parallel to K„ QQ' will be parallel to K,. For, in this case L 
may be regarded as the point at infinity on Ri, whose nul plane is the 
plane (RRi); aod therefore QQ' always pusses through the polo of 
the plane (RRi). viz : the point at infinity on R„ that is QQ' is always 

parallel to Bj. 

10. Cross ratio :—The cross ratio of four points on a line is equal 
to the cross ratio of their nol planes with respect to any .set of forces. 
For, the nul planes of the four points pass through the same conjugate 
line and are ent by the given line at these point.s. The followng invo¬ 
lution properties are noteworthy : 

(i) Pairs of cotijugalc generators are in involution, that is, they cut 

any generator m a range in inve^utioii. 
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Leti>/, qq\rr\ bo pairs of conjugate generators and lot a ji — 
generator cut tlieni in PF. t^Q', HR’, which arc pairs of conjugate points- 
Tlieu 

(PQRP')=cross ratio of nul planes of PQRP' 

= cross ratio of tangent planes at P’Q'R'P 
= (P'Q'R'P.) 

Thus PP', QQ', KR' belong to the same involution. 

Hence pi>', qq, rr are in involution. 

(ii) The tuo sdlf-conjugale yeneratois and any tu'o conjugate 
generators form a harmonic set ; that is, they intercept on any ^ — generator 
a harmonic range. 

For, tlie solf*conjagates are the double lines of the involution to 
^?hich pairs of conjugate generators belong. 

(iii) Pairs of conjugate points on a ^ —generator belong to ou 
iJirnlMfiou of the self-conjugate points arc the double points. 

-V.P.—Tlio truth of the above theorems, may also be inferred by 
conceiving the hyperboloid as a one-dinicusional space 1 lie elements 
of which are \—generators, in as much as the correspondence of 
conjugacy is reciprocal. 


11. The central axis-.—The central a.vis of the system is the shortest 
distance bcUcecn the tico ^—generators tchich are perpendicular to the 
principal force. 

Let the central unIs intor.sect the hyperboloid in P, Q and let p, q 
be the p.—generator.s through P, Q. 

Since the nul planes of P, Q are perpendicular to the central axis, 
the linos 9 which lie in these planes arc also perpendicular to the 
central axis, and therefore to the jirincipal force. 

Hence the central axis is the shorte.st distance between p and q. 

Some further Generalizations : 


12. // X, M be any two points {not necessarily on the hyperboloid) 

such that the nul plane of L is the polar plane of M, then the nul plane 
of M is the polar plane of L. 

For. it has been proved in § 9 that, if PF he any chord through 
L. and (Q, Q') the conjugates of (P, F) then the chord QQ' passes 
through the polo of the nul plane of L. Since the relations of L 
and M are reciprocal, the result stated follows at once. 


Def Two points L. M such that the nul plane of each is the 
polar p ane of the other may be said to bo conjugate with respect to 
our system of forces. Also two lines such as PF, QQ' mav be 
corresponding lines of the system. ^ ^ 
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[Note. This definition of conjagate points does not conflict with 
the definition in § 5 above. For, if L is on the hyperboloid, M will he 
its conjagate as previoosly defined.] 

13. Tico corresponding lines are such that the ‘ conjugate line * of 
either is the ‘ polar line * of the other.* 

Let PP', QQ' be the corresponding lines and I, m, their conjugate 
lines. Then, the nol plane of any point L on PP' passes throngh I and 
Ls the polar plane of a point M on QQ' (§ 12) ; and the polar line of 
QQ' is the common section of the polar planes of different points on it. 
Hence I is the polar line of QQ'. 

Cor. 1. Conjagate generators are corresponding lines of the 
system. 

Cor. 2. The locos of points'conjagate to points on a given line is 
the corresponding line. 

Cor. 3. To find the line corresponding to a given line: let the 
given line cot the hyperboloid in P, F ; join their conjagate points 
Q Q'; QQ corresponding line required. 

Cor. 4. If PF and QQ' coincide, we have a self’correspondtng line. 
This may happen in either of two ways: 

(i) P may coincide with Q and F with Q'; in which case the 
self-corresponding line is a Une joining any two self-conjugaU points. 

This inclodes the case of self-conjugate generators also. 

(u) P may coincide with Q' and F with Q, in which case the 

self-corresponding line is the line joining any point on the hyperboloid 

to iti conjugate and is a ^-generator. 

Hence a self-corresponding \lneigenerally meets the self-conjngate 


eouerators. 

14. The line joining any point and iU conjugate {not necessarily on 
the hyperboloid) is a self-corresponding line. 

Let L M be a pair of conjagate points. 'Then the polar line of 
Li[ « the’ intersection of the polnr planes of h and ^If which are the 
nnl planes of M and L respectively. Thus the polar line of LM is 
Identical with 'the conjogate line. Hence LM ts a seU-oorrespondmg 


line. 


15. A pair of corresponding lines and the self-conjugate generator, 
form generators of the same system of another hyperboloid. _^ 

r^^„p,ession ■poUrline-”» here need lo denote the common line of 
M-onof the polar flaw of point* on a given Une, to diiungmih it from 
ihX aoUon of .he oonjng.to force which ie here called ‘ the roniugate line , 
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For, the join of a pair of conjugate points, one on each of the 
corresponding lines is a solf-correspondiDi* line uud iberofore meets 
the self-conjugate generators. Hence, the four lines in question form 
generators of the same system of a certain hyperboloi<l and the 
joining line is a generator of the opposite system. 

16. Consider a liyperboloid for mod as above, witli tlio self-conju¬ 
gates and a given pair of eoiTespondiog lines as its X—generutoi*s. 
It is evident that the corresponding line of any X^generator of this 
hyperboloid will be another X—generator. 

To prove that of suck corresponding \ ^gefterators arc tit 

involution. 


ljetpp',qg'. r/ he three such paiis of coiTospomUng \ — ^roucrii- 
tors. Let them cut a self-corresponding line in PV\ QQ', UR'. Tliesc 
form pairs of conjugate points ami we have 

(PQllP')=cios8 ratio of nul planes of I’QRP', 

=cross ratio of polar planes of P'Q'R'P 
= (P'Q'R'P.) 

Hence (PP', QQ', RR') and therefore ipp'.qq, rr') are in involution. 
The self-conjugates arc the <loublo lines of this involution, and %ve 
may t lercfore say that a pair of coiTCsponding lines ami the aelf- 
coojugate generators form a hannouic system as in § 10. 

•'similarly, pairs of conjugate points on a self-corresponding line 

belong to an mvolulion tl.e double points of which are the self- 

conjugato jmintson the line. 


.. .:^.r .;;,X"E —r 

S.S.O. co^„„. T„0»0 a. t..„ line, wh'i.h 

the following construction fur (rr'). (RouthTa-’O^ w ♦ i 

two hoes meeting (p/, j/) cut them in (P.P ' Q ^ wp 
respectively. ) (PP,, Q.Q;) 

Then rr- are tho'lincs which divide these sets of noJn* i 
Car.-Two systems of forces actiurair^ v ' 
general only one common conjugate line paix- have in 

systems. There is only one such pair .and it He 

as shown above. Hence the only pair of colmr ''yi«--toloi,l, 

“ I’- of conjngato Benera.or' separaUnToth “"os 

harmonically. * ^ ^bc sclf-coujugutes 

17 


iso 


18. We shall conclade with a few properties of the general 
sjstem of forces: 

(i) Any two pair$ of conjugate lines with respect to a genvral 
system of forces are generators of the same system of a certain hyperboloid. 

Let (PF), (QQ') be tbe pairs of conjugate forces ; then the forces 
P, Q' acting along the same lines are in eqailibriom. Hence, 

these lines of action lie on a hyperboloid. (Roath, § 316.) 

(ii) Any two systems of forces have one conjugate line-pair in 
common. (Roath, § 311, Ex.) 

Throagh any point there passes a common nnl line to both systems, 
(Jt'r., the line of intersection of the nal planes of that point with respect 
to the two systems. Describe a hyperboloid %vith three such common 
nal lines for ft—generators. The given systems of forces can now 
be redaced to forces along \—generators of this hyperboloid. Hence 
the theorem reduces to what has been proved in § 17, Cor. above. 

(iii) The common nut lines of three systems of forces generate a 
hyperboloid. 

Let A, B, C be the three systems ; (i>i>'), igq) the common conjugate 
pairs of (A and B) and (B and C) respectively. Then ipp\ qq) li« on 
a hyperboloid by (i). The generators of the opposite system are the 

common nal lines of the three systems. 

(iv) Four systems of forces have in general two nul lines in common. 
For, if D be tbe fourth system and (rr') the common conjugate pair 

of C and D, the hyperboloids (pp'qq), (.qq^'')> bavc two generators of 
one sysUm common. Therefore they have two generators of the other 
eystem in common. These two meet (pp', qq, rr) and are the common 

nul lines required. 
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On the Number of Divisors of a Number. 


By S. Ramanujan. 

1. If 5 be a divisor of N, then there is a conjagate divisor 5' sach 
that oo'ssN. Thas we see that 

(1) the number of divisors from 1 to VN is equal to the 
nnmber of divisors from y/H to N. 

From this it evidentlj follows that 

(2) d (N’X2VN, 

where d (N) denotes the nnmber of divisors of N (inelnding unity and 
he number .^elf). This is only a trivial result as allL 
from 1 to V^ cannot be cUvisors of N. So let us try to find the best 
possible «“Penor limit for d(N) by using purely elementary reasoning. 

of N ora °L\ ““ 


where p., p„ a ^ren set of „ printis. Then i, is e.sy see 

> A ^ 


But 


(3) 


d (N)='(l+o,)(l+a,)(l-fa,)...(l4.a^) 


C4) ^((l + «0 log log^,+ ...+(i_p,^^j 

.since t, .. + logp. log ^,...logp„ \ 

than their\^oretrio Zl7n^^ ^ greater 

~-^logi),+logi>3+.„ + iog y„+iog N j. 

>{loE Pi *oK/**...log^„.d(N)JV« 


In other words 


(5) 


^ 1 10=' 


loEFi ioEi>iiogy,::::no^’ 


^o^^lv^.esofNwhose—. 

--sr;s-.n.her. 

where n is a given number ; and let 

N'=2®* 3“^i 5°* 

u the notn™. ninpri^e." ThenH is e^Xni .hot 
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( 6 ) 

ami (7) 
Blit 


N'<N; 

J(N')=<?(N). 


( 8 ) 


(9) 


{^logC2.3.5..y.N'))" 

- —_ ^ _ 

log 2 log 3 log 5.log }> 

bj virtue of (5). It follows? from (6) to (8) that, if j) be the natnral nth 

prime, then 

- log (2,3.5.P-N) T 

/7fN^c -S---..!.___ ^ ’ 

log 2 log 3 log 5...1og 

for all valnos of N having n prime divisors. 

4. Finally, let ns consider the case in which nothing is known 
about N. Any integer N can be written in the form 

gO, 30, ^a... 

whore o^>0* Now let 

(10) a:'* = 2, 

where h is any positive number. Then we have 
j d(N) l+g- j l+Q j_ l+a ii 


N* "■ 2^i* 3*“i 5^“;. 

But from (10) we see that, if q be any prime greater than a?, then 


( 12 ) 


l + Ofl 


1 + Off + 


ha^— Jia>, 


< 1 . 


- 


q K - 2“'' 

It follows from (11) and (12) that, if p be the largest prime not 
exceeding x, then 

1+Q» 

has 


(13) 


(i(N) 1+0* 1 + 0* 1 + Oj 

<• 


\^k -^ha, ^har. . ^ 

l+o, l+Qj, l+a, I + o^ 




.ha 


But it is to easy to show that the maximum value of (1+a) 2 
for the variable a is ^Hence, 


—/lU 


(14) 


(ft < log 2)' 
d(N) 




.) 


U»(a:) 


ft e log 2 

where u> (*) denotes the number of primes not exceeding x. Bat from 
(10) wo have 

' ' log 2 


A = 


lo,^ ** 
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Siibstitafing this in (14), we obtain 

log 2 r log 2 
(1J») logX \rtlOL'X 


w{x) 


logx 


e(|og2)- 

Bnt it is easy to verify tliat, if *>6 05, then 

2'‘<e(log 2y. 

From this and (15) it follows that, if *>6-05, then 

(16) (log*) 

for all values of N, U)(*) being the number of primes not exceeding *. 
o. 1 he symbol " O ” is used in the following sense : 

4(x)=0{4,{*)> 

means that there is a positive constant K such that 


!*(*) 

4;(*) 


<K 


for all sufficieu.Iy largo values of [Soo Hardy, 0, J.,s of Infinity, 
pp. 5 €f ] For example: J J n> 

6r = 0(a:);?u = 0 (^);xsina= 0 (u-); Vr = 0 (a); logi^OW; 

•r>=^0(x); xlogx=H=0(x). ‘ 

Hence it is ohvions that 

w(*) = 0(*). 

Now, let us suppose that 

- log N 

. (log logN)* 

in (16). Then we have 

log * = log IogN+0(log log log N) ; 


and so 

(18) 

Again 

(19) 




K*) log log*=0(* log log *) 

= 0 / log log log log N -) 

T* f ^ (loglogN)* f* 

It follows from (16). (18) and (19), that 

(20) <f(N)<<>»ff N)/log log N_^r log^^i^gj^ ^ ■> 

KalUufficiently Urge values of N. ^ (loglogN)' ) 
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SHORT NOTES. 

The Axes of a Conicoid and an Allied Cone. 


The following method of determining the axes of the general 
conicoid may be of interest as it is an extension of the method nsaally 
adopted in the case of the general conic 

1. Let 4i (*, y, z)'=tu?-\-hy^-^cz'-\-2fyz-\-2gzx-\-2hxy = \ be the 
conicoid referred to rectangular axes throagh the centre. Then a 
concentric sphere of radios r >vill cot the conicoid in sphero-conics lying 
on the cone 

(p —{ai*+y*+a*)/r*—0 ... ... ... (1) 

When the sphere tooches the conicoid, r -will be eqoal to one of the 
principal semi*axes, and the cone (1) will in this case denote the line 
of contact of the sphere and the conicoid, that is, one of the principal 
axes. 


The condition for this is obtained by identifying (1) T^dth 

. 

where m, n are the direction co.sines of the line of contact and a,/ff 
y are unknown. Thns, we may write 

o-l/r*=(^+y)/P. 

f^—a(mn, . 


whence we infer 

(o—X) l+A m+p n=0, 
h 2.^X) =0, r ••• ••• ••• 

y 2+/fn+(c—X)n=0, J 


patting X=l/r*, 

Eliminating I, m, n we get the nsaal determinant 

a—X, h, g 

h, fc-X, / 1=0. 

g, /, c —X 




• • 


• ( 4 ) 


2. Equation (4) can also be derived as the condition tbat(l) 
ahoald represent two central planes, which mast be the circular sections 

of the conicoid- 

The circular sections are therefore written 

(a —X) x+hy + gz= ±[ { A* —(a—X) (6 —X) } y* 

+2 { yA-/(a-X) } y 2 + { y*-(a-X)(c-X) } 
where the expression within the square brackets is a perfect square. 
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In other words, the circnlar sections are 

Ca-\) + V) (&-V)1 y+l gh-f } 

3 ForallTalnes of r the cone (1; has iu princii.al axes in the 
same direction as the conicoid For. the discriminating cobic of the 
cone differs from that of the conicoid in having 

(- 9 . (>-y. 

m place of a, 6, c ; so that the roots of the former must be 

(^-1-.) (v-i) 

where X,. X., \, ;iro the roots of the latter . 

< 0 ... ..ec....... .e a.....— 

T. N*kx.vie.\oar. 


The .our-polnt Conic of mini^un. Eccentricity. 

Jiameter. of 1 - eonT.t™! .t T ,“7■ 

Mnjngato diameters is le^,. _e. , J ^ '>i=‘"een ttv„ 

'•xfforeo. ellipses the ajl bLeen tW and in 

tile eceentricity is least. Thtts if the «n “ greatest when 

•'^nteters ts known, the ootu^^nl^^hreet 

these diameters are the e<iai.eonjnsates. ‘^““ntrioity, when 

'no peroWes ^ con;„pnte. porof/el fe tU ae« oj th, 

are rntn- 

c^tc 0 / -^trrcitl weinferthat 

P> <?. fi, 8, are concurrent. ^ ^ nomiale at the j^otnts 

"“•‘'“‘^“s-rth^a'^ss’^ fs and the cirele 

u tTrZ;' "‘7-' - -'■a -Mdi; p„rTs. *■ 
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point of tho foQT circles jjgr, P 5 V, Also, the centre of the 

rectangular hyperbola through P, Q, R, S is the common point of the 
circles p’qr', p’q^t ‘PV’ ' 

Hence, fhe centre of the' eHipse in question and the centre of the 
rectangular hyperbola are equidistant from attd collinear icith the mean 
centre of the four points. 

N. Duru Rajan. 


Notes on Questions S4<i> 57^> 573> 5@3> 585 . 606 . 

[Most of the results in these questions follow from some formula 
given (very inaocorately) in Carr’s 

1. Let a be a positive quantity < 1, so thatyi- and are also 


00 


positive proper fi*aotions. Then<^(o)=\ (o^-r^*) is » 

^1 

and it is seen that 

4(.) = - !■“ ‘°g ; 

•*0 * Jo 

and 4(a)—4(—u)= ( 1 log = 2 f 

J 0 X 1—X J 0 

We shall ttse/(u) for 


tanh“*J! 


dx. 


r ^^-■‘dx=y [a*"+>^(2„+I)’]; 

•' o * ^o 

thus/(I) is^. 

Differentiating log x log (1—a), wo get at onco 

l-« log I** log 




so that 


__4(l-a)+4(l)-4(o); 

4(a)+4(l-»)=^-l°e *> 0-“) i 


(A) 
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Similarly log xlog [log (14.^)^ I 

^ O 

= r r ‘2sa±£) ( 

J 0 1+X Jo Z J 


= -<#^(-a)+ f 


“ 1 , X j 

o 1 + x l-).a 

1 


= -4(-a)- r^ + ^^ ogd-o:) 

^ 1 X 

\1 + a/ Q 

™ +(l|^) -«-<,)=!+log o log (l+o^_ 

Tlie loft biJo can also bo wxiUeu 

ilfcicntiuting log x (udIi-'x, wo get 

log a tanh-‘a= f" 

Jc X J 


Clianging x to wo Imve 
•<* log X tlx .1 ~a 


bcnco 


p log zdx A—a 

-^'“'+^({^^)-r'+;.ogoiog(^[±i'' 


(A) gives 

• ^ 1 




or 


l^a 


“ * ‘=^-T-(l<>fe- i)’, 

00 

y J_7T* 

2"n»-12^^ (log 2)* 


“=1+!. - that a is^tho positive fraotioa V 

... . 2/(V2-l)=:|-Hlog(V2-l)}.; 

18 


a log (l+-g)j ^ 
0 1 + -C 


[lug (l+a)j^ 


(13) 


... (C) 


1’ (^) gives 


bo identical 
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Wli 0 na=:j^^, “ ttat o*+o=l and a is the positive fraotioa 

i (V5-1). (B) gi^es 

and (A) gives 

solving these eqaations, we get 

The first of these is the second result in Question 583. 

The last formula in (B) at once gives in this case 

2/(a) =^- § (log a)*, 

This is result (ii) in uestion 572, where there is an evident mistake. 
Since 

V5-1 

log (1+ g) 
z 


therefore 




2 


*da:=i| log—2-} -1*5' 


which is the first result in Question 583. 

Putting remembering that j^=a^=V5”2, wo see 

that we have from (C) 

j +/(V5-Si)=|^-J >“8 “ l“fc' “■ 

j f . V 5 - 11 ’ 

=T"“ 1 ‘"e “ / ' 

-n* . f 1 VS-n * 

sothat /(V5”2) —°S g" J 

This may be put into the form 



189 


these are the resalts in Qaestion 572 (iii) and Q. 600, which arc th 
foand to be identical. 


3. We have 


rw I 
2 


tan“*((j sin 4^) di 


=a 


o 

7 T 


2 . , a 

Bin a —_ 


“sin’ <^i d 

O 


O 


7T 


“ Bin* <t d <i — 






a 


sinli”’i , 

xvaT?) ' 


by a welbknown fomiala. 


o 


Pat x = 


2£ 


1-z 


, sothat vr+7»=|-i^*. and '^*=2(1+-*). 

^ l-=* d: (l-r»P’ 


also -(Vl+a:*— 1 ), so that the limits becoino^(Vl + o* —l)*and 0 

If now w=Vl + a*—a. 


1—m* 


^=Vl+a*+u , = and 

m 2 

SO that tho Qpper limit becomes 


•m 


1 + m* 

Thus the inte^al is transformed into 




l — m 


1 + m 1 

sinh“* f 

0 • 

Vl-cV 

1 —m 


A+m 


f 2 

tanh“‘s. 

'o 

—:— ~ds, or 2 


1 — m 


Hence, by (C), 

It 


/ 2 tan-(<. sin *) rf,=2 (^’+1 i„g „ ,„g ^ 


00 


f-log n. 

0 
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This is the resoli in Question &85, where there is a slight misprint. 
When 0=1, 'ni = -\/2—1; and we see that 

I 2 tan-Xsin +) = 

o 

= 2/(V2-l)=:l-i {log(V2-l)y, 
as already dednceil above. This is resnlt (ii) in Question 546. 

When o = and we pet 

2 


±.2-4 


2'4-6 1 . 

4 I 4 

!• * 


2 3* 2* 3-5^ 2' 3-5-7‘* 2’ 

.2/(V5-2)=^-|(log(y^=:l)]. 

Now the serie.s 

. 

3 4 3*V.3 4V 3-5*V3 4V 

_lfl_2 24 *) _1 ri_2 1 . 24 1 __ 

Z\ 3*■‘■ 3 - 5 ’ 2C2 3*'2*'*'3-6»‘2* ‘ 

=|/(V2-l)-/(V5-2) 

as just proved. This resalt is analogons to the first resnlt in Question 


} 


546. 


4. If S(a) i.s put for the series 

2 ^ ^4 a| 

3 3 ^3 5 5 

■n 


2 ^^^4 0 ^ . 

O • O.E B * 


which is the expansion of tanh“*(o tan 4')d<p, we have 

J 


S(a) = J 


sin“'a! 


o a:V(l-®*) 


.dx. 


^ 2 tan”*c 


As in the last paragraph, if —L_, this reduces to — d, 

1 + 8* Jos 

where 6 is the value of s correspooding to the value a of x, i.e., the 
positive proper fraction { 1—VCl—®*) } /“• 




ft tan"*s 


dz is denoted by g (ft), we have 

M 1 1 _L 1 1 ^ . 


I 


\ 

\ 
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also ?C6) = log 6 

Jo l+«* 

r2 tau-'6 

= log6tan->6-iJ^ log (tan i 0)(fe. {xstan^G} 

,2 tan-‘6 

= log b tan-»6+ j (cos 04 ^?®+®.£iM 4 ....we 

■^0 3 5 

= log 6 3>g sin h/3 

^ V ^ 3» +. 


where ^=2 Ian"' fc=sin-’«. 

Thas we have S(«)rr2 3 ( 6 ), 

or a + |.«» + |i. log 5 + 2 V 

a result analogous to that in Question 585. 

When/? = ^. a=^, 6 = (2-V3) : and we go* 

S(5)=2? (2-V3) 

=-|log(2-V3)+2ni 4.1.1 + 11 111 •) 

^ lip 3“^2*5> 27=' ^ ^'“Slp " } 

—-^log ( 2 —y3)+^ j(l), on reduction. 

Henco | S (D-S (,)= _ - ,„g ( 2 ,^ 3 ^ 

^ ^ (2+y3). 

which gives Q. 546 (i) direcdj. 

followng identities: 

i+-3i(^)+3-:^,(5)*+... = _^.^ , 0 ^, {V2+1) 


ft 


3V3 


) 


/ 


+ 2|J. + 1__1_1 . -) 

I P 3* 5* 

logs 

+ 2 /A_ !+!,_ 1 , I 

(. 1* 5* 7 * 11**^ *'* j ■ 

K. J. Saxjaxa, 


1 



142 


Qeometrical Proof of a Trigonometrical Identity. 

% 

In the Matherruxtical Notes for Janoary 1916 published by the 
Edinburgh Mathematical Society, Dr. R. J. T. Bell draws attention to 
a simple geometrical proof of the identity 

1—co.s^A—cos*B—cos’C—2 cos A cos B cos C=0,* 
where A, B, C are the angles of a triangle. 


The following proof appears to be even simpler than the one 
suggested by Dr. Bell. 

Let ABC be any triangle. Draw BD, CD at right angles to AB, 
AC Then in the triangle BCD 



(i) BD; CD : BC ^^sin BCD : sin CBD : sin D 

=cos C : cos B : sin A. 

(ii) BC*=BD’+CD*-2 BD.CD, cos D 

= 5 BD*+CD* 4 - 2 BD CD-co3 A. 

Hence from (i) and (ii) 

8in*A=cos*B+co8’C+2 cos A cos B cos C, 

which gives the result. 

M. T. NAliNIBUOAB. 



Bee BiBO A Vev Tftjjentwietrv by Lock aod Child, p. 344. 
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SOLUTIONS. 

Question 386. 

(S. RiMAyonN):—Show that 

f _ ^ ___ n 

J Q (1 + **) (! + ”’■**) (1 + n‘ar')... 2(l4*n-|-n*4-i»^n^-f. 

whore the indices in the denominator are the sums of the natural 
numbers. 

Solution hy N. Durai Rajan. 

T , T 

Jo (H-.«^)a + »V)(l + »*x’)(l + nV)'* 

and write —rr“x-= . ^ — 4. - ^ , 

By putting j;* = —»*', we get 

.. 

^ 0"^). 

= 0—i). 

v-)0, 

2 2j«'’ 

But J_ 1 _ 1 1 „*.n4 „w 

= J _1 ,^r» 

+(„) 

.•. V?l=_l_ri_ :i_. n‘ 

400L 

—_ »»’ -1 

(^»0(l-»Ti)(i-„-) +.J 

^ (l~n)(I~»»)(l^ ^»^.to ® 

, M P»rt n, p. 344, Ex. 7.) 

T (I-n*)(l-»‘){l-n«).to® * 
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Bat by a theorem of Gauss (See Bx. 10 p; 345, Chryetal) 




(l-»)(l-n»)(l-ft*) ••• 
m 

2(l+»+»«+»*+...) 


Question 557. 

(Professor Samjana) ;—At a point P of a parabola the normal 
chord PQ is drawn meeting the axis in G and PN is the ordinate to 
the axis, prove that 

PQ-AN=2 SP PG. 

If from P two chords PPj, PPa are drawn normal to the curve at 
Pi> Pji prove further that 

SP,-SP,=AS.SP, PP, PP,=PQ AN 

where S is the focus. 

Shew also that the circle PjPjS passes through the circumcontre 
of PPjPj. 

Note by the Proposer. 


With regard to Mr. V. V. S. Narayan’s solution of this Question 
in the Journal for April last, I have to point out that the first two 
properties were discovered long ago ; the second was published in the 
Educational Times for Juno 1903, and has been solved in Vol. VI of 
the E. T. Eepnnts (New Series). Tho last part was discovei'ed about 
four years ago. 


Question 561. 

(P. A. SuBRAUANiTA Aivar, B.A., L.T.);—Solve completely 

(l + 3*^^-.^_4y=0 
Solution by A. Narasinga Mao. 

Put yss(2z*A-l)j'*dx. Tho equation transforms into 

du , 22^'+7d: 


du , 22jr'q-7a 

d**^(2x*+l)(3r*+r)‘* 

A(3a^+1)* . 

whera A and B aro arbitrary constants* 


u= 


9 
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Question 585. 

(K. V. Akantaanarata-v Sastrj, B. A.) ;—Prove (hat 

TT 

f ^ tan-* (a sin <^) d 7/1 logi— 

o •* 1 + «t 


o\-} ^ 

Z/ o (2r+l)»’ 


where 7 n=(l-t.a*)'J—a. 


Solution by T. P. Trivedi .If.A.. LL.B.. and K. B. ifadhava. 
We have 


2 ”**'•*•* _ f”* 1 / x* \ 

J o 5 -+••)*'' 


= / 


m 

tanh ^ 
o z 


r tanb-‘x log xl -2 f ^ logxrfjr 
^ J O J ft 1 — X* 


=log TTi log 2 f lop xdx ^ logarfx 

^ 1 -m J I J ^ 


•=logf7ilopi.lt^-2 I 
l^m J 


log Li5 k 

» i+t 


-- X — 


71 


o 1 (1-^)" 

(i+^r 


^wherein the secoml integral n 1 — 

=log m logji^— 2 f” ^ftnh-*^; _ 7,7 

1 —M J r + 


=log m lop 2 tanh-*i;,. 

** 1_^ J _ -~-^~d^+ 


o ^ 

2 tanh-’ 


71 

4 


, --anh->/'Vl + t/*-i \ 

=iog 77 . log 

-m J 


a 

o 



if z:= Vi+g —1 

1 y 

= log m log {±^ 1 - r® ^»nh- *y 7,7 

Jo,vi^F"+T 
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=lo? 7 « log \±^ + 2+fL 2:f_al 2-4_6 ^ 

^ ^1-m 3 ' 3 ^ 5 - 3-5 7 * 35 - 7 ^ +4 


slog VI 






slog rn log („sin<i) r 4 + 4 ^- 

l—m J 4 

o 


Honco the rosalt. 


Question 587 . 

(T. P. Trivrdi, M. a., L.L.B.) :—If the centre of pressure of a 
triangle immersed in ft liqnid coincides with the symmedian point 
prove that the depths of the ftngnlnr*points are in the ratios 

3a^_6’_6*: 36®-c®-a*: 3c’-a>-6*. 

Solution by D. Kriahnaniurli, il.K. Teeraraghavan and K. B. Madhava. 

This question is only a particalar case of the following 
A triangolar lamina is totally immersed in a homogeneons liquid 
the deptlis of the angular points being p,q,r: shew that if the centre of 
])ressure of the triangle coincide with the mean centre of its angular points 
for multiples Z, m, », then p: q: r=3Z—ta —n; 3 m—n — l; 3n — l—m. 

[Besant and Ramsey : Uydro^ifecliantcs, Part I, p. 58, Q. 46.] 
We can easily show that the areal co-ordinates of the centre of 
mass for multiple.s Z, m, n at the angular points of a triangle are propor¬ 
tional to I, VI, n. 

Now the centre of pressure P of ABC is the centroid of masses 
r+p, p+qni A', B', C' the mid-points of the sides; [Vida: Greaves: 

Hydrostatics, article 47.] 

Let (x'y'5') and {xyz) be the co-ordinates of the centre of pressure 
referred to A* A'B'C' and ABC. Then from the above property of the 

centre of mass, we see that 

x' y' z'^g+r: r+p: p+q; 

i.e. y+z-x: z+z~y: x+y-z 

= q + r- r+p: -p+q. 

From this we easily get 

p-.q: T=Zx^{y+z): Zy^z+x). 3 s-( 3 !-fy). 

p: q: r = 3Z—TO—n ; 3»n —»—Z: Zn — l — m, 
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Since the bjrmmedian point is the moan cenire for masses a*, is 
at A,B,C. 

I: m : n=a ^: : e^. 

•• P'• r :=3a^—: 3i^ —c^—: 3c^—a*—‘i^. 


Question 589 

(S. JKrisiinasvvami Aivanoar) :—ABCD is u (jiiadrilntoral and its 
(hajronals meet ut right angles at S. With S as focus two conics a, /? 

are tlescribed one circntiiscribing the qnatlrilatcral and the other 
inscribed in it. Shew that 

(1) the two conics have one directri.\ itlcntical : 

(U) the envelope of the polars with respect to ^ of points on a 

i-s a conic having one focus and one tlirectrix common 
with tliose of a. /3 . 

GO the lines joining the points of contact of /? wiili tlic sides of 
the quadrilateral meet two by t.xo at the vertices of the 
harmonic ti-ianj^lc of the quadrilateral. 

boluftoii bij L. N, Subramauiahi, .VJ., L. T. 

Reciprocate a. ^ with respect to their comn.on focus S Ti.e 
quadrilateral ABCD reciprocates into a rectangle ab'-d. since the 
diagonals of ABCD inlei-sect at right angles at tl.e centre of 
reciprocation. Also a./? reciprocate into rcspecfivelv inscribed 

andcircumsciibed ID the rectangle afcc././? being a circle ; 'so that /?' 
IS the director circle of the conic a' and is concentric with ir ’ ^ 

of “'■ to tS-d.rec,ri. 

ota.^ and therefore wo see that the conics a /? I.av. « 
directrix; which is result (1) ' ^ oommon 

oviaenr/a'ic:::.:! in,;:'':' i: ^ . 

the envelope of the polars ,ri’th ..cslelt tl ■ 

w,th S n» focos, and the snn.o direetrii a. al„d 'b ““ “ 

follow* nt^noe by 

property of a circumscribed qumlrilateral. ' harmonic 
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Question 593 

(S. Nabatana Aitar, M.A.,) :—Show that a** is eqaal to 


1 . 

1 , 

1 , 

1 . 

1 


0 , 

1 , 


0 , 

0 , 


2 , 1 , 

rt-l^l «-lCa 




fi 


Cl 


nC: 


0 , 

0 

0 

n—1, 
nc^ 


0 


0 


1+0 


0 ( 1 + 0 )* 
1. (1+0)“-* 
»c, (l+o)". 


Solution (1) by T. P. Trivedi, M.A., LL.B., D. Krishnamurti, 

K. B. iladhai-a and N. Sankara Aiyar, M.A. ; (2) hy A. Narasinga Rao 

and N. B. Pendse. 

(1) Denote the determinant hy D„+i; sabtracting each row from 
the next, 


D«+i — 


1 0 


0 1 
0 1 


0 1 


0 


0 


0 


0 


• • • 


0, 0 ( 1 +o) 




0 1 «-iC, 


1 a(l+a) 
«-lCi o(l+o) 




which is clearly the same as the determinant formed by deleting the 
first colomn and row ; thus 

Dft+i “O D,j. 

By the repeated application of the aboTc, we get 

D„+i=a” '.Dg 

1 . 1 


But 




= 0 


1 > 1+0 

Hence the resnlt. 

(2) Eliminate o'».a',o-,...o"-* from the (n+1) identities 

1 =1 
I+a =1+ a 
(l+o)’ = l+2o + o* 

(1 + «)"_o” = 1 + o+ o-+.+ ho"-'- 

Then D—a“D'=0, where D is the given determinant and D'the 
minor of the last constituent of its leading diagonal. 

But obvionsly D' —1. 

Hence D=a". 
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Question 593 

(S. Nabayana Aiy.u:, M.A.,) ;—Show that, 

Ij _, X* 1 x’ 1 

a‘‘'a + l'’’ l-‘2 •a+2''T2-3*a+3“^ ■■ ® 




is equal to 


X' 


a_aCa^) ^ajJji( a + 2) a(a + l)fa + 2U ti4.3^ 


+ ..•to 00 


a+1 <a+l)1^2)'*'(^:nTT^T2)'(^+jr) 


— tuOD. 


Solution il)b,j. K-B. ytadham ; (2) by T.P. Triredi .V | LL 11 
il. Bhimascua E<io a>id K. Ap^ukutiun Brady, 

(1) We have hy the u.clho.l of ,.anial fractions 

_ ^ _ 1 _ x" 1 

a(t«+l)...(a+n) a *«! (a+ij l!%7rri*‘^ 

c" 1 


from which we have successively 


(a+2)2r«-2!--+l^J^„ 


i=i 

a a 


X' 


'(“+1) 1! a'*'lT(^l) 

X- 1 


and so on ; so that 

i—-•*'_L 

^ / ^ I 1 \ 




a a(»+i)+.(.+ij(<,+2, »7<;qri)(/:b)o;^3) 


O.+...tO 


oc 


+-— * J. I -) 

<*+1 J. 


substituting fl + 1 for n 

tho denominator of the right hand X. • see that 

aator of .ho lof., f„.„ „hioh .ho givoo c„“X f 

(2) The left side equality follows at 


once. 


If-'/ £_ 

^ +>- + ...to cc)ax e* 

1 . —- /a 


I fX y’ 


dx 


(X-+ 


'jr+ j2 +...toa>yx .j’'' 



i$o 


C a a(a+l) a(a+l)(a-f 2)^ 




{ 


c*- 


«“+* 


a+1 


c*+ 


,«+3 


1 


(a+l)(a 4 -’^) (o+l)(a+ 2 )(a+ 3 ) 

X . X* 




} 


a a(a4-l) o(a+l)(o+2) 


—...to 00 


+ 


...to 00 


a+1 (a+l)(o+2) (a+l)(o+2)(«+3) 
on applying tho process of integration by parts continuously. 


Question 594. 

(A. A. Krishxas.vwami AiYANr..\R, B. A.) :—Establish the following 
approximate formula for the length of a circular ai‘c 

32768R-5376Q+168H-U 

2635 

where C is the chord of the whole arc, 


H.half the arc, 

Q.quarter of the arc, 

R.eighth of the arc. 


Ucmurkt by K. B. Madhava, T. P. Ttivedi, B.J. Pocock, B. Ktishnamurti, 
N. B. Pendse and S. V. Vciikataraya Sastri, M.A., L.T. 

The denominator was wi-ongly piintod 2735. 

Using Mr. R. Vythynathaswaaiy’s “ Note on the length of the Circular 
Arc ” in Volume VI, No. 4 of tho ./. /. M. 8., and with the same notation, 

«=@=Ui sin j30+a, sin ^>* 0+03 sin y0 + Oi sin ^0. 

If P—- 2 , »s=4, we get 

2 16 512 , 65536 

135'^“ ®'"W5' 

Hence tho required rcsnlt. 


Question 596. 


(N. Saxbaba Itsb, M.A.);—Show that 

11_,13 lj^_ 1 + V2 

22 2 - 4 *^ 2 - 4 - 6 ^ "* ^ 2 ' 


and 


1 Ij, 1*3 , I'3'5 , 2 






151 


Solution by K. P. ^^adhnva^ 7). Knshnamurt7\ T. P. Triv^dt and 

N. D. Ptrftdsc. 

Expaod log J { 1 + Vl + x } by Lacranu’e's Series, or more easily l>y 
the differential equation | (I + 1 a; ui the form 

2 2 2-4 4 2-4-6 (5 2-4 6-8 8 . 

»ntl patx = l to obtain tiie first resnlt. The validity of snch a step 

which is not exjiressly sanctioned by the expansion of (1+j)”^ for 
*=1 may be (jiiestioned. This is permitted by the following'' theoi' 
which I «piofe from Bromwich’s Infinite Series, (P. 204) 

“ As a special example we may fake the hyper*geomofric serie- 

lliQH we SCO that for xsl, (j^ if tlio x*eal part of (y—a— /i) i.^ 
positive, the hypergoometric series converges absolutely, etc/* 

Here y=I, a-0, ^ = i ami y—a —^ =ii, which is posit ivo. 

For the second also the same remarks apply: 

Since 


ern 


'lOS ID 


j 




J 




13 


.K 




which gives 


12-3 




IT 


_ 1* 2 1 — cos 0 
sin 0 


-I 


19 




In fact 


a 




= - [^lop 

=log 2. 

.(^2)(2»+2> 

(2n)(2« + l)-' 


Question 597 

.../rrTcr.~ ^ *• •* -... 
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• Solution hy N. Durai Rajan and N. B. Pendae. 

f 

Take a tangent and normal to the 'enrve as axes of x and*y. Let P, P 
be two adjacent points on the carve and PT, P'T' the tangents meeting 
the 35—axis in T, T' and intersecting in Q. 

By hypothesis pt 

AOPP'=AQTT'xfr. 

In Oie limit 

AOPF = APTrxA-. 

i-r® sin®0 


sin’tb 


.^4;. 


Thns 

Integrating 


dG 





cot 0=A + kcot 4^. 

£=A+ii£i. 

y dy 

This is a homogeneous differential equation ; by putting z=ify, wo 
get for the primitive 

Ay+a5(fc-l) = B.v*'. 

On changing the constants 

ix+ay)^'=^y ... ... ... ( 1 ) 

Take z+ay=0 and y=0 as the inew axes of y ^'x. The equation 
of the corve with then be of the form y = a »*. 

Let (asj y,) (», y*) be two points on the cniwe ; the tangents at these 

points arc 


— 035,* = 0 , ^ 35*-* (X —35,) ; ctc. 



—Xfc—(fc—l)*i- 

« • e 

... (2) 

^ —Xfc—(A—l)*i- 

• •• 

... (3) 





Similarly 

The ordinate of intersection is given by 

- ^»**“*""*i*“') *l)' 

The intercepted part of the ar-aris between (1) and (2) is 
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Bj hjrpothesis, AOP,Pa=AQTjT^-A- 


AOPiP,= *sinu- 

* ^0 Va 


= ^ 5;mu.-(xjX|)(ar/*“'— 


^t AQT,T,^5 Y sin 

_, sinu’./ i(.pa)^"'(A —l)(x.—a-,V *—1 , 

• t 

This cqnation mast be true for nil values of x^ an'l Xj. 

k=:2. 

Hence the cnrve'is a parabola. 

Remarks. A similar problem is pven in Forsyth’s Differentia! 
Equations, Ex. 9., P. 49. 3ixl Edition. The problem is : •* The tangent at 
any point P of a carve cuts the tangent .and normal at a tixod point O 
m the points M ami N and the rectangle OXIP'N is coraidoted Find 
the curve which is such that the triangle formed by the tanijonts at 

pit's P'q“^.” 

A different method of attacking this has to be adopted 

Smee the theorem is true for any three points P, Q, R it is .Jso 
true when one of the points is the origin. ^ 


Let 


•f+y =1 ® 4. y _i 

a^6 


be the tepRenfe at Q and R. The points Q', R- „ee (a, i) and 

A of t.angent.s (a—a'l— 

ab'-a'b 

= A0Q' R' 

~ a (.ab'-a'b) 

fc6'(a-a')*=(o6'-a'6)> ... , 

This 19 true for all valaes of a, a', while a and h ; i'* ^ ^ 
connected by the same tiied relation. n U, a and 6 are 

P-o- (1) W (a>+„'.-2oa ) =a= 6-+a- W 

a'ib-b')b' = a'\b~b')b 


a 


Hence we see that 


a 

V 




a'* a"* 


b T \ say. 

a* = 6\. 


20 
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The equalion of (ho iungonf is 

a a* 

or a’—aj—\y=0. 

The eqnation of the envelope is 

ar + 4\ys:0 

which is a parabola. 

Also since 

A(123) = A(012)+^(023) + A(031) 

where 0,1, 2,3 «lenote either tangents or points, rlae regard being had 
to signs of nrea.s, we see that the parabola satisfies the proposed condi* 
tion generally. 

Question 598. 

(A. Naiiasinoa Rao) :—Arrange 13 points so ns to form 18 rows of 
3 each, no row containing more than 3. 

Snluiiou (1) hf S. Durai Itajan and (2) hy N. B. Pavdse. 

Adopting a hint given in Bail’s Ufathemadcal lfecreati07is, we may 
try the conical projection of a regular octagon. 


12 


3 4 

Plnce one point at each of tho 8 angular j)oints, 
one at a point atiiiiGiiityJon line 12 (point 10) 
one „ „ 18 ( „ 11) 

one „ „ 87 ( „ 12) 

one at the centre |(point^9). 

one at the intersection of lines 13 and 24 (print 13). 
Project the regular octagon fi’om any vertex. 
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In the projected tigiiro we have 13 poinis of which there 
4 rows (2, 1, 10 ; 3, 8, 10; 4. 7, 10 ; 5,6, 10 ) 

4 rows (1,8,11 ; 2, 7, 11; . . ) 

4 rows (8,7. 12; . . . . ) 

4 rows (1, 9, 5 ; 2,9, G ; 3, 9, 7 ; 4, 9, 8 ; ) 

1 row (10, 11, 12) 

2 rows (1,13, 3; 2. 13,4.) 

1 row (13,9,11). 

since the join of 0, 13 in the frcgular octagon is purallcl 

(1, 8). 


are 


to liio side 



Tims we have 20 vows of 3 each. 

One method of obtaining the pvojocte<l 
spectivo representation of a horizontal regida 
lU, 11. 12 are points on the vanishing line 

If wc place 13 at any other point of line 
18 rows. 


figure is to draw tlic jier* 
r octagon, in which points 

(13) or (24) we get only 



9 , _ 

thau throe are in a 8tra^gh“ni“f ‘hat not more 
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Question 599. 

(V. V. S. Nabatajj) :—If two circles cut orthogonally, find the 
locus of a point such that the tangents from it to the two circles form 
a harmonic pencil. 

SoltUimt by S. V. Venkataraya Sastri, M.A.t L.T. 

Let the circles be •o*=0, and -p!/*■!*2/*—<**=0. 

Since they cut orthogonally, we have/9=a®. 

The equation of the tangents from (irx, j/i) to the first circle is 
o*)(j,®+yi’+ 23 x,-a*)= { xxi+yyi+g (x+Xi)—a' > “ 

i.e., + — =^- 

Similarly, the equation of the tangents to the second circle is 
a*—/*)-2j;y!/,(iC,+/)+i/-(*i''+^/ari-a’) +— =0. 

These four lines will form a harmonic pencil, if 

-2y,='(®, + y)(iC,+/), 

which, when simplified, gives *,*—a’=0. 

Hence the required locus consists of two sti’aight lines ]>arallcl to 
the common chord of the given circles and at a distance from it equal 
to half the common chord. 


Question 6oo. 

(V. V. S. Nabayan); —If PQ is a diameter of the oircum-circle 
of a triangle ABC, shew that the axes of the inscribed parabolas 
whoso foci are P and Q intersect at a point II on the circle. Shew 
further that the axis of the inscribed parabola whose focus is R is 
perpendicular to PQ. 

Solution by D. Kriehnamurti and N. B. Pendse. 

If any point P is taken and a parabola 

is drawn witli P as focus to touch the 
aides of the triangle, then the axis and 
AP are equally inclined to UC. 

Hence the axes corresponding to two 
points make the same angle which the 
points subtend at A. 
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Since PQ is » diameter PA Q is a right angle. Theroforo the 
axes are at right angles and meet on the circle. 

Let them meet at R. The axis corresponding to K makes with 
P H an angle equal to the angle PAR, R S being that axis. 

^PRS = ^PAR. 

arc P S=arc P R. 

Thus RS is at right angles to P Q. 


Question 602 . 

{•S. Kkishnaswami lYtNi'.Al:) :—A Variable straight line iiicets two 
fixed straight linos intersecting at O in the points P. Q. If OP, UO 

sabtend equal angles at a fixed point A. .shew that PQ passes tliiou'gh a 
fixed point B such that BAO is a right angle. 

Solution by V. V. S. Nuruyan, R. V. Kan-e, S. V. Venkataraya 
Sastrt, M.A., L.T. and seixral othtrs. 

Let the X' to OA through A cut PQ, OP. OQat B. R, S Let Po 
cutOAatC. Join OB. t y 

AC, AB are the internal and e.xternal bisectors of the .angle PAG 

smeo, by hypothesis. OP OQ subtend equal angles at A, and since, by 
construction, CAB is a right angle. ^ 



• • 

, ^ BPCQ } is a hai'monic range. 

^ O { BPCQ } O { BRAS } is a harmonic pencil 

Lc“d7o°“t 
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aUESTIONS FOR SOLUTION. 

668 - (J. C. S\YX-MiNARATAX, M.A.) :—If T and n are integers, prove 
that the expression 

, 2«+l^ . (2«+1)(2 h+ 3) „ (2rt + l)(2rt+3)(2«+5) ,, 

1 —+-1^3 — -1:3:5-.C3 + 

. , ,^r(^+l)(2»»+3).(2n+2r—1) ^ 

.+ (-^) -i-3-5-.:(2r-l)- 

is equal to ^ (2r—1) ’ ^ *5 not greater than n, but 

vanishes if r>n. 

669. (J-C. SwajiixaRatax, M. A.):—Prove that when n is a 
positive integer 

(2»+ l)(2»+3)^^^^^^^a'(b----a=)"--^+.+ 

2)^ . 

|2 |4^ 

. (2n)*(2n-2)>(2n—1)’*. 2?„^, 

12 ;^ 


670- (K. J. Saxja.na, M.A.) >—Prove that 


1 - 1+1 


3t-5. 7*+’"_ 1 .B. I 7^.B. 

1 “- 2 ^^ \r 2 ‘^ 

T—:?+-r—— 


1 3 • 5 7 

where B|, B„...are the numbers of Bernoolli. 


071. (K. J. Sanjaxa, M.A.)The nniubcrs from 1 to 2"-1 being 
arranged on n cards on which the least numbers put down are respec¬ 
tively 2®, 2', 2®,...2"-‘, as in Question 640, prove that the sum of the 
numbers on the rth card is 2**‘^+2"'^^~*“-2 *. 


672- (S. Krishnaswami Aiyanoau) The vcrlc-x A of tlic triangle 

of reference lies mthoiit, on. or within 0.e director circle of the 
maximum inscribed ellipse according as the angle A is acute, right, or 
obtuse. 


673. (S. Krishsaswami Aitaxoar) If the sides of a polygon of n 

sides subtend equal angles at a point S, then mth S aa focus two conics 
can be described, one circumscribing the polygon and the other 
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inscnl*c»l in if. Show lliAMlie rnv*‘lo[>e «»f jiulais witli res)*e<.-t to (he 
mscriheii conic of [loints on llu* circiiin-coniciis ;i conic Jinving^ one 
focQs and one ilirectrix coin.-idcni with tlioeo of the on-nn:il conics, 

674 (M. BniMA'rxA Bao) :—Evaluate 

r cos ^ sin 

J 5 \ co.sh fz.cos qx~x J 

(K. Aitj-kitian EiiADv) :_Show tlmt 
.tt 6 cos 0 

I ® 0) 7Te‘''' 

^ n o (l-2c cos 0+o») = 

fii^ r 9 + 27r 

^ fjo (1—2o cos 0+a*) 1«‘K (1 — 


675 


676 


fX- P. Panma):— Solve 


on.l of the chain an.l the other end is 'genUvTeT "" 11 .!" 

table. Shew that the velocity of ^ 1 !. . 1^* l ' 
leaves the table is ' ai^ticle iinnieiliaiely after if, 

where t = M (M + m). (l + A-*)/3] 

678* (I). KRlSIIKA.MrKTl'^ •_ 

grams inscribed in a skew qnadrilateral P-'^rMlelo- 

P.'^rallel to the -lia^^onals of the qLdr Ktemr nV"* 

-Inch is also the locus of the cerros ^fh ^ 

cf the qaadrilatoral for jrenerators. conicoids having fl,e sides 

679. (Mabttx M. TtiOMAsf —A* « u 
CV+ isfccribe.I n„ elli,,.o havL! ,hr"‘ ““‘l* 

>t and having a focns at the oriirin cjL ‘'"ntact with 

><econ(l focus is ^ ' Shew that <he locus of the 

[ 5 J (-a) + I 

. 680. (R. VTx,„.v.™..w.Mr) -I, , J 

■nlopar»,Bn,l the value of X are all 

aubiect lo the oondilion *’'+”*!'+’*=+. 

'■ ='cro or positive integer."* ’ 




160 


681- (S. Ramakujan) ;—Solve in integers ar'+i/*+c*=l, 
and dednce the following ; 

6"+8*=9*-l. 9^+10’ = 12*+l, 135*+138*=172’-1, 
79r+812*=1010’-l, llicr+11468"=14258''+l, 
and 65601'+67402*=83802"+1. 

682- (S. Ramani'Jax) Shew how to find the cnbe root of snrda 
of the form A+'^B ; and dednce that 

683- (GaxI'atram R. Jani):—I f S^ is pnt for r+2'+3'...4.M'’, 
prove that 


^ Q 

1 

S., 

S*ij • • • 

c i 

• •• Opj-l 

s., 

s,, 

c 

A *.>f • • • 

c 

... 


S,. 

Q 

• o ... 

c 




■ V > • . • 

• * * 



• • • • • . 

• « * 


• • • « • • 

« » • ■ • » 


S„. 


... 


. / \ 
\l*.2»3».n" J 


Tho order of the determinant is given hj the number of the 
natnral numbers taken. 

034 . (M. Bhimasbna Rio) Shew that 

n^oD 


.( sin ( 2 n^Vl-;^). } 

^ 1 1—cos (2«'ffVl— 5 

}i =^1 


= ^VI=?-lc05-X, 

and obtain the resolt 

tan-.-'*^-tan->.-3'‘^ + tan-*e'^^^^-. 

= 1 . +1 sin-'!^^^-i. where ft = VI37l2. 

4 8 8 4 

a 

685- (S' MaloaRI Rao):— If » and p are any two positive integers, 

shew that the fraction 1 /n may be expressed ns the sum of a series of 
different fractions, the nomerator of each of wlncli is 1 and the denomi* 

nator a positive integer. If tlie least of the .fractions be 
6 nd the rih fraction. 
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Note on Discontinuous flow of fluid in a 

Diverging Canal. 

By J, M. Bose, W.A., B.Sc. 

The problem of discontinoous flow of liquid in two dimensions 
was fii-st anccessfally solved by Helmholtz {Berlin Monatehenchte, April 
1868) and Ids solution of some simple cases will be foond in well-known 
text-books on Hydrodynamics {e.g. Lamb, pp. 85-101) In Philosophi- 
cnl Trausacttmtt of the Royal Soc. 1890, Michell discussed a nnmber 
ot cases, and all those problems which have been solved so far will 
be found in a memoir by Sir G. Greenhill (Advisory Committee's 
Report, No. 19). 

One of Michell’s examples in which a direct solution is given is 
the case of discontinnons flow of liqoid in a canal of nniform section, 
t'.e. with parallel sides. In the present note I propose to give an 
extension of this problem, t.e.' to the discontinnons flow of flnid in a 
diverging canal, like a river flowing into the sea. If the river banks 
terminate abruptly into an ocean of infinite expanse, then the stream 
linos winch coincide with the banks become discontinuous at this point, 
leaving a region of dead water behind, which plays an important part 
in const erosion. 

The analytical method is an application of the Sohwarz-Chris- 
toffel tlieory of confonnal representation—a detailed treatment of 
which will be fonnd in text-books on the Theory of Functions and an 
excellent chapter on its application to Hydrodynamics will bo found 
in Ramsey's Sydrodynamic$. 

Onr problem is to determine w or as a function of s or 

jg-f which satisfies certain boundary conditions. This is done by 
conformally transforming the curves in the tr-plane and z-plnne, 
into the upper half plane of an intermediate variable t. Schwarz- 
Christoffel’s theorem then gives the required relation between tc and z. 

It is convenient however to use another notation ft defined by 
n=log *i=logQ/g+i0, and 

where g and 0 specify the magnitude and direction of the resultant 
Telocity at any point. 

Along plane boundaries 0 is constant, and it there are no external 
forces then on tho free surface g is constant and equal to Q, since the 


r 
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|)vessuve is constant (Bernoulli’s theorem), 
plane is bounded by straight lines. 


Thus the figure in the fl- 



I 




ti 5 j ^ 

a, a', 0 respectively. ’ ’ “ tlic t—piano correspond to/ = 

The K-l rclalions arc given by 

^ =^,or«e=Nlogt+p; 

_ M „ _M , _ 

where '»>(i>u'>_ a- in # i ^ (a— 

to be detenuinch M- ^ are constants 

We have, ,vhcn ,=»■,«= ( 2 ,^ 

•n —ai\ 

^rom these We get 

= 2-h-.(0) + Q. 

“‘"v®- 2'>OSh--(l)+Q; 
whence _~M _ 2 -jt—/? — a 

and ~ 

Q=«*, 

BO that 
^loog A' 


• • < 


4 •• 


... ( 1 ) 
... ( 2 ) 


n=^^Lz(^) /ig^) 

^I.Q=9 •*. n=0t Vca-a^"^ 

— ^ 


at 


• • 


09 


=^/S(»=5') 

V (a-a^s 


L8(27r-a+/?)J 

CCS* ^-er:2___n ,Z 


«•» 


••• ( 3 ) 




m 


ana siA'Z =_gL u) 

L 2 - 27 i-a+;ffJ a-a'' ^ a-a'lt J '■ 

Now remembering that w vanishes for t=a ftnd increases soddenly 
by (m+m')t when t passes throagh the origin (t.e. changes sign), we 


m+rn 

iO = — - - 


log^. 


also 


where n — 


sinh n{n-ai)=^J 


-n 


2(27r-a+/?) 

Along 'the stream line AT 

Q=g and Qti^ss——du>; 

•ns 

= log or t=^ae ^ , w+m' = Qc. 

TT 0 

Also from (4) 

✓ V * / V 

Bio>„ (0-a) = ^,(?-l) =-^(,-T_i) 

giving the inirinsic eqnation of the free stream line. 

If /i be the inclination of the free stream line at a sufficient distance, 
t.e. if 0=>? when f=co, 


sin* «(/?—a) = 


a—a 


f* 


Along the bank I A' 


0=a 


»i„h(n log|) = = yj-i .»7. 

Thus the velocity along the bank is given by 

(—) =Vt+vt+i; 


1 


or 


-1= |^co3n(^-a)y^*:^-sin n " 


If we put a=>5 and change the sign of w, we get the solntion of Holm- 
hoUz’s j»rol)leiii of Borda’s re-entrant monthpiece. 

If there are a series of bends outwards, then the above method 
cannot be applied owing to the fact that the velocity becomes infinite 
at each bend. But the above method can bo extended if the bends are 
inwards. The problem of flow along a lamina with a series of inward 
bends has been discussed in a paper by Bryan and Jones in the Proc. 
of </w Jtoifal Soc. (vol. 91, No. A 630.) 
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Squaring the Circle * 


Bt S. Kbisukaswa-mi Aiyanoab, B.A. 


The problem of “ squanng the circle” has attractcl the aitcniioii 
of the greatest of mathematiciaDs from the earliest times up to tljc pre¬ 
sent day. Itisa i>roblem whose origin is to be found in the remote anti¬ 
quity and by following its history one sees how “ it proceeded ami 
changed from age to age according to the progressive development of 
the mathematical science.” The problem, as understood by the ancient 
Greeks, was the determination of a .square whose area is equal to that 
of a circle of given radius, the corners of the square being dcterniinc‘1 
by constructions involving straiglit lines and circles only ; that is. bv 
Kuclidean geometry. But the only instruments permi.ssildo in Euclidean 
geometry are the compasses and the ungraduated straiglit ruler. Hence 
it is that the ancient Groek.s attacked the problem armed onlv witli 
these weapons. 

Closely allied to this problem is that of the rectitication of the cir- 
cde. It was known at an early date that the ratio of the circumference 
of a circle to its diameter is constant in value and is the same ns the 
ratio of the area of a circle to the square on its radius. From the time 
of the great French mathematician Euler this constant number has been 
representeil by the Greek letter tt. 


If 7T represented merely the ratio of the circumference of a circle 
to Its diameter, the determination of its value would lose much of its 
interest. “But it really represents a certain number which would enter 
into analysis from whatever side the subject is approached. To illast- 
rate how little the usual definition of tt suggests its manifoM properties 
there is an anecdote. Do Morgan of wliom we have heard so much was 
once e.vplaming to an actuary ‘ what was the chance that a certain mo- 

portion of some group of people would be alive at the end of a civen 

imo and ho quoted the actuarial formula involring ; and in an.swer 

to a query he said IT represented the ratio of the circumference of a 

circle to . .s diamerter. His friend who was until then ILstoning to hint 
with gi-cat interest interrupted him and exclaimed < my deai^ friend 
that must be a delusion ; what can a cii-clo havo to do witli tl n ' 
of people alive at the end of a given time!’ ' 

fir^t embraces three distinct periods Th« 

fi^penod begins with the empirical determ ination of the ttio ot 
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the circumference to its (liameter and ends in the middle of the 
seventeenth centnry when the calculus was invented. This period 
was mainly geometrical and mathematicians tided to determine 
■n by calculating the sides or areas of regular polygons inscribed or 
circumscribed to a circle and considering that the circumference or 
area of the circle always lay between these values. The closeness of 
the approximation obtained during this period, when arithmetical 
notation had not reached any degree of perfection, is trnly surprising. 
At the end of tliis period the g eomet rical method_ba<l been perfected 
to such a high degree that no farther progress could be hoped for 
on the lines laid down by the Greek mathematicians. 

The second period commenced in the middle of the seventeenth 
century and lasted for about a hundred years. During this period 
the po%Yerful analytical methods j)rovidcd by the help of the calcnlus 
were successfully employed and we find an abundance of convergent 
series products and continued fractions to represent tt, by means of 
which the value of the unmher was determined to a larger number of 
decimal places than was possible before. But the rcal_natur_e_of the 
number it was still unknown and the mathematicians of tliis period 
could not say whether the number was rational or irrational. 

In tlic thii-d period which lasted frum the middle of the eighteenth 
century to the close of the nineteenth century the number was put 
to a very critical examination, and at last the discovery was made 
that the number did not belong to the category of ‘ algebraic numbers’. 
Tlm't is, it could not be a root of on algebraic equation with rational 
cocllicicnts ; and that it belonged to a class of numbers commonly 
known as transcendental. Thus it was conclusively proved that tlio 
number -n could not be constructed by the use of Euclidean instruments 
or even by the use of higher algebraic cun'cs besides the straight 

line and tlie circle. 

Having thus briefly set forth the chief charncteristios of the 
different periods, into which the history of the determination of tT 
naturally falls, let ns nest examine at some length how the jirohlem 
progressed according to the improvement of the general mathematical 
t^cicnco in each jierioiL 

The earliest traces of the evaluation of vr are to bo found In thu 
writings of the ancient Egyptians who used the formula ; Area of a circle 

Which gives 3-1604...for;the value of -n, They also used th# 
less accurate formula 11=3. 
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Aftei’ the ancient Egyptians cametlie early Greek matliematicians, 
wlio were llio first to deal systematically with tlic problems of the 
rectification and quadralnrc of the circle. About tlie latter lialf of 
the fourth century B.C. Dinostratns invented .and closely studio! a 
cnrye called the Qnadratri.v by means of which he was al)le to fin-1 an 
approximate construction for tt. This curve may be described as 
follows:— 

AOn is a circular quadrant. Two jioints (^, 1? starting from A, O 
respectively travel along the aic AB anil the radius OH and reach B at 
the same time. If from R a perpendicular is' «lrawn to meet at P 
then the locus of .P will be tljc (juadratruc. Prom the licuro yoc 0 and 

y=a( = OB) when 0=^. 



TI 


From AOPR, x=y cot Q^y cot 

2a 

OL= L/ cot 

y=0 2a TT 

Here tlio carve cuts the x-nxis at a distance represented by 

and hence an approximate geometrical eonstriietion of ti is effected. 
Bnt the eonstriietion of the enrve involves the same diffienltv as that of 
■n. Bat a rigorous |mathematieal treatment of the siibjcct’begins tvith 

ArAinmdes tvho proved that,, is less than 3J hnt greater than 3 19 . 

aborr'’‘° T '“T* ^■'“‘•iWng in n circle nnd circamscrlhi'ng 

abont It regular polygons of ^ides and assuming that the eirm n. 

ferenee of the cmele must lie hS^Teen the perime.ers of ,1 esc lolygZ' 

The essentia, point of this method translated Into onr modeim nt^n 


168 


becomes sin 0<0< tan 0, when 0=^. This process is closely allied 

to onv modern method of limits and it is in this that its chief interest 
lies. “ Bnt the immatnrc condition of arithmetic at the time was the 
real obstacle })revcnlii^ the cvalnation of the ratio to any degree of 
accoracy whatever.” x 

Before going to the European mathematicians of the fifteenth and 
sixteenth centuries let us see how the problem was developed in India 
and other eastern countries. Aryabhatta, the earliest of the Indian mathe* 

maticians, nsed the relation which is equivalent to 31416. 


He proved that if a„ be the side of a regular polygon of n sides inscribed 
in a circle of unit diameter, and Q„ that of a regular inscribed polygon 

of2« sides then = From the side of an inscribed 

hexagon he calculated the sides of polygons of 12, 24, 48, 96, 192 and 

384'sides, the last result of which becomes V9-8694, which gives the 
approximation quoted above. Of the other Hindu mathematicians, 

Brahmagupta used the approximation Bhaskaracharya 3-1416 

Approximate values were used also by the Arabs and the Chinese. But 
the Japanese approximations were closer than the Arabs . 

Returning now to the European mathematicians, we find that after 
the time of the Renaissance Adriaen Anthonisi: calculated that tt > 

333 ^ ^ jjo boldly asserted that its true value is equal to the 

106 120 

mean of the numerators divided by the mean of the denominators ; that is, 


355 jg YCj.y close approximation for all practical purposes. After 

113 ’ , , , 

him came Vieta, who, by a consideration of the areas of regular polygons 
of n sides and 2n sides inscribed in a circle of unit diameter, got an in¬ 
finite sequence for the value of w. He proved that_ 


:VF 


One writer remarks that ” from this period onwards, therefore, no 
knowledge whatever of geometry was necessary, to any one who aspired 
to determine the ratio to any required degree of accuracy; the mere 
urithmeticinu’s art and length of days wore the only requisites.” 

Thus a genus of workers became possible who may bo stylcil ‘ w-com- 
' pnters’, a name which if it connotes anything uncomplimentary does so 
because of the alm ost entirely fruitless character of the labours.” 

• “ SquAriDg the Circle ** by B. W* UobiOD^ (1013) p. 31« 
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Iq connection with the ilcvelopment of the inelhoil of Ai'cliiiueiles 
we hiive to introduce two more names of importance ; Hnyghcn-s and 
Gregory. Gregory attcnij)ted a proof of tlie impo.*;sibility ol tlie 
quadrature by Arohimedian methods, an<l Uuyghens i-cpuU'd Gregory’s 
proof. “ Huyghens expressed his own conviction of the iinpossibili«y of 
the quadrature, and in his controver^y with Wallis remarked tlmt it 
was not even decided whether the area of a circle and the .scpiure of tho 
diameter are commensurable or not.” 



But De.scartos the inventor of analytical geometry approached the 
problem from quite a new standpoint. He started wiili a given straight 
line equal to the circumference and tried to tind its diameter bv the 
following method. On AB = -1 of the circumference a square ABCl) is 
constructed; on AC produced a point C, is taken such that rect. 
BC ,-4 sq. ABUD ; similarly C, is taken such that rect. B, C =' rcct. 
BC,; and so on, ad viJiuUum. Then the diameter is given by Yt.* AB ' 

By the construction it is easily seen that’AB... fAB —AH ' vit 

uhicli is satistied by -Zl. 

2 2 * 


n-^Qo . L27 ^ I “ “iT 

logaritlims by John Napre; early in the 

to enhanced the mathematician’s‘attention 

to the number ti ; thence forward we find the two numbers c and tt 

numLrs received rno”of\re ^'vo 

naif of the same century led to a radical change in the 


AB,.= 


4AB Lt. 


4AB 
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ideas and methods of the mathematicians. After this date the 
geometrical phase of the problem was forgotten and mathematicians 
began to discover analytical expressions to represent -n. This new 
method is first seen in the works of John 'NVallis who by an “ingenione 


method depending npon the expression for—the area of a semi-circle 

8 

rl 7 

of unit diameter as the definite integral (x—invented his 

J o 


well-known expression 

TT _2-4'6'... 

T“1-3-5- ... 


Bnt the expression most frequently used for calcolating w is that 
given by Gregory; + This was afterwards inde¬ 


pendently discovered by the French mathematician Leibnitz and the 
particolar case got by sobstitnting *=1 is known as Leibnitz’s series. 
By means of Gregory’s series Abraham Sharp was able to calculate the 
value of w to 72 decimal places. By taking the more convergent 
series for sin'^aj Newton calculated w for 14 places. In 1737 Euler 


employed the equation 

:l=tan-‘Htan-‘^+tan->2i^. 

In 1746 a still more convergent series was used by Mnchin from 
which w was calculated for 100 places. “More astoni-shing still have 
been the deeds of the w computers of the 19th century." A condensed 
record compiled by Glaisher is given below for those interested in the 


subject. 


Date. 


1842 

1844 

1847 

1853 

1853 

1853 

1853 

1853 

1854 
1854 
1854 
1873 


Computor. 


Bnthcrfield ... 
Daso .«• 

Clansen 
Shankes 
Rnthorfield 
Shanks 
Shanks 
Richter 
Richter 
Richter 
Richter 
Shanks 


• • • 




• • • 


• • • 


• • • 


• • » 

• « • 
• • • 

• •• 

• •• 

• • * 

» *• 


• •• 


No. of digits 
calculated. 


No. of digits 
correct. 



152 

200 

248 

318 

440 


330 

330 

400 

500 
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In this connection it luny be remarkctl tlnii for most nnulicniiiiical 
calculations the value of tt to 6 or 7 decimal places is (piiie sufticient. 


It has been calculated that if a circle is drawn on a distance of 200 
miles as diameter and its actual circumference inoasure<l. tlien its value 
calculated by taking tt to 16 decimal places will tliffer from the actual 
value by less than 18 millionth part of a millimetre. Such being the 
case with 15 decimal jdaecs, it need har-Uy be pointed out the im{>ossi- 
bility of the human mind to conceive the degree of accnracy obtained 
by following the value of ti for 600 or for 700 decimal places. 

Before going to the third and the final period of the liiatory of our 
problem let ns see how its develojuiient underwent changes in the 
hands of the French mathematician Kulcr. It was he who first intro¬ 
duced the idea of ratio in place of the ol<l sine, cosine, tangent etc. 
which were simply the lengths of straight lines connected Tnth the cir¬ 
cular arc. “ Thns trigonometrical ratios became fnnction.s of an angular 
magnitude and therefore numbers." This mode of regarding trigono¬ 


metrical ratios as analytical functions gave rise to one of the grandest 


discoveries in modern mathematics. Representing l-f-x-f —+ —+ 

2 • 31 

by e* he proved that cos = and sin which can 

^ 2i 

be written in the form t-''‘=cos x-fisiu x and e-**=cos x—ijin x 

Puttingx = TT in the first relation, we get e'"* =-I, a fundamental rela¬ 
tion between the two numbers e and tt which is of the greatest import¬ 
ance in i>roTing the real nature of tt. Though much improvement Was 
made in this period nothing was yot known as to the real nature of tt 
In,this connection it is interesting to hear what Lcgen.lre the Frencii 
mathematician has to say. In his » Elements of geometry ” published 
in the year 1794 heiwrites: “ It is probable that the number tt is not 
even contamed among the algebraical irrationalities, that is. it cann 
be a root of an algebruic equation, with a finite number of terms whnl 

co-emcients are rational. But it seems to be very diflicult to prove 
this strictly." prote 


It was m the third and final period that our problem reached 
Its highest point of development. Lambert, the German mathemati 
cian who flourished during the years 1728-77 expressed'anin 

the form of an infinite continued fraotion and hence proved that’if 

ba rational number different from zero, then tan^^x camlot a 

ral.o..l number. If wo have tan .=1 and .U.veforc^ on „ 

not b© ft rfttional nomber. ^ 
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in 1882 Limleinano, a German mathematician proved that if a:,, 

.are any real or complex algebraical numbers, all distinct and 

Pi, Pi, Pi, .are n algebraical nnmbers at least one of which is 

different from zero, then the snm e ‘ -^p^e * +pj e * +...+p„ e " 

d^O. Therefore as aparticnlarcasee”+l d^O. But we know that c^*’ 
-fl=0. Therefore tt is not algebraic but transcendental. 


Now, we know that every problem in pure geometry has its 
corresponding counter-part in analytical geometry and it can be easily 
proved that the determination of a geometrical construction by means 
of Kuclidean methods corresponds, in co-ordinate geometry, to the 
solution of “ only those algebraic equations which are obtainable by 
elimination from a sequence of linear and quadratic equations." But 
" TT being transcendental, is not a root of any algebraic equation at 
all; ” and therefore in accordance with the criterion mentioned, cannot 
be determined by Euclidean construction. 


Thus it has been conclusively proved once for all that the “ ideal 
of an e.xact construction ” by means of Euclidean methods is an 
impossibility. In the words of Schubert " these are the words of a 
tinal <letermination of a controversy which is as old as the history of 
the human mind. But the race of circle squarers nnmindful of the 
verdict of mathematics, the most infallible of arbiter.^, will never die 
out as long as ignorance and thirst for glory remain united." 


But if an actual construction of -ff is desired it can only be effected 
by means of a “transcendental” curve. This necessitates the use of 
the transcendental apparatus “Integraph " which was recently in¬ 
vented and de.scrihed by a Russian engineer. If the Imkwork of the 
Integraph is moved in such a manner that the guiding point describes 
the curve j/=/(x), then the tracing point will trace out the integral 


curve y = |/(x)Jx. Taking for the differential curve the circle = 

we see that tlic integral curve is 




Vo*— X* . u’ 


2 


■ “* • -i-C 
+—sin •- 

2 ai 




irbich Cuts the y—axis in points whose ordinates are o, ± a’-—, etc. 





173 


-8 


SHORT NOTES. 

On the sum of the square roots of the first n Natural Numbers. 
1. Let 

4i(»)=Vl+V2+V^+--- +V'*—(fi-f ' V") 

y = X 

“5 ^ (V^r+y + Vn+t^+l) 
v=0 

where C, is a constant such that <#, (1)=0. Then we see that 

‘ti(«)-W" + l) = -V« + l + [^(n + l)V« + l + H^'^l] 

— (3«V'' + iV«)+J(V'* —Vh + 1)'-0. 
But ii (1)=0. Hence <^,(h)j=. 0 for all values of «. Tliat is to say 

(1) Vl+V2+V3+V4+... + V'‘ = t’i4-^»v^'‘+iV» 

+ « { (V» + V« + l)-''+(V»7^ + Vir+2)-' 

+(v '»+2 + Vf 7 ^)~^+... }. 
•) 


But it is known that 

( 2 ) C, = --L /-L + _L+ 1 . 

47 rUVl 2 V 2 Vv 3 ^ 


^ \ m vyu 

Putting u = l in (1) ami using (2), we obtain 

(3) 2-rr(-i_+_ } _ 4 . ^ a. I 1 

l(Vir (Vl + V2)’^(V2+V3p'^(V3+^'+"-} 

= 3 /_?L_J._L-+ 4 - ^ a. 1 

t(Vl)* (V2/^(V3J»‘^(74P+-j 

2. Again let 

4. (iO=lVl+2V2..,+-.v..-(C,+ j,,v„ + ;„v,.+;v«) 

1 ^ ® 

~40 *^> + V(«4'i^+l)]-» 

where C, is a constant such that 4 ., (l)=o. Then we have 
^»(»)-«ti(»+i)=-(u+i)V,7qri^ 

+40 < 

Bat it is known that V'* +2+^ 

C 6 )C,= - 3 / i .1 . 1 ^ 

167 T'Uv 1 ^ 2 V 2 '^ 3 ^ + *- } ■ 
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It is easy to sec from (4) ami (5) that 

^’"’{(W''(Vl + V2)‘'*'(V2+V3y'''(V3 + V4)5+-} 

{(W'*'0v^)‘'^(V3)‘'''(W)‘''' ■■■} 

3. I'lio corrcspomling results for higher powers are not so neat 
as llie previous ones. Tims for example 

(7) lVl + 2V2+3V3+...+«V«=Ca+V"(|«"+^«’+^»*) 

~9G ^ tV'* + V'*+l)~’'+(V"+l + V”+2)“*4-... } 

+ 224 ^ (V>‘ + V^l)-'+(V^'+V^)'' 

+ (\/n + 2 + V«+3)“*+-" } * 

(8) lVl + 2V2+...+nV»=Ci+V»(|»*+5»’+^’*®-^) 

~192 { (V'* +V^l)~‘+(V”+l + Vn+2)“‘+- } 

+ ^ { (V»-rV^l)-“+CV^^l+V^2)-'’+... } i 

aud so on. 

The constants C 3 , C|,...can be ascertained from tlic well known 
result, viz. l/w coMstanf in the ajfj>roximatt eummation of the sent* 

1*--i+2''->+3'-*+... + »*■-> i$ 

provided that the real part of r i$ greater than 1 . 

4. Similarly wo con show, by induction, that 

Vl+72+^3+. 

I ( v..+V "+i):’ < ^+i±>^+g )~;+.] 

■ \ V»(n^ri) V(n + l)(»( + 2) 3 

The value of Co can ho determined as follows : from (10) we have 






«-> CO. Also 


' (v2+f4+76^. 


as »->co. 
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Now subtracting (12) from (11) wo see that 

J_—Lx ^ — J_ X.— _ } ——»■» ^• 

VI V3 V4 VC-^'O ' 

That is to saj 

(13) C„ = -Cl+v2)V^-^i,+ i3-^+.). 

Wo can also show, by induction, that 

(14) V1+V^+V3+.+ V»'=C,+|«V'*+^V»+,,.\ 

-JL ^ (Vn+V ’T+i)-^ CV*7+i + V,T:ir2)-» _ | 

V^<»^+l) V(u + l)(a + 2)' . ) 

The asymptotic expansion of (V1+V- + V3 + --. + V") 
values of »i can be shown to bo 

(15) C»+LiVh+Wm + -LL-- ^ X —^ 

^ ‘^3 ^2'' ^V;i^24 I920/j»^y2lGa* ./ 

by using Eulor-Maclaurin*snm Formula. 

S. IU.M.VNfJAN. 


Definition of a Plane Curve. 

Since it appears from Prof. Seshu Aiyar’.s note in a recent number 
of the Journal (April, 1915), that the problem of defining a plane curve 
is one in which readers of the Journal take interest, the following 
account of a definition hitherto unpublished may prove welcome. 
Limitations of time and space alike luevent me from giving examples 
illustrating either definitions previoasly given, such as nre to bo found 
in Young’s treatise on “ The Theory .Sets o/ Voinh ”, or the definition 

now offered ; but any reader to whom the loi)ie i.s not now will find 
the construction of examples easy. 

A point O is called a UmiUng point of a set if there is no circle lath 

0 for centre and tciih radius different from zero uhich does not contain a 
po^nt of the set other than 0. This is one form of the classical definition 

7n It must be 

realised that O may or may not belong to a sot of which it is a limitinij 

point; whether O belongs to a sot is entirely in-elevant to the que.sliot 
as to whether 0 is a limiting point of the set. ^ 

‘’ ■/ doe, ,ot eztcul ,0 i„r,„itu 

.» .tacit complete that,tatted sots ace’to bo icUified” .^'trsetrltat 
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*lo not extend to infinity, bnt for the purpose of defining a plane curve 
the identification may be made for the sake of brevity. 

A fet of })cnuts is said to be ^completed' if to it are added all of ite limit¬ 
ing poitits tchich originally it does Jiot include, and tico sets are said to be 
‘ inseparable ’ if the sets obtained by completingHhem have a common point. 
These definitions are applicable equally to limited sets and to sets 
♦ which extend to infinity ; their use %vith unlimited sets does not require 
the hypothesis of points at infinity, and a branch of a hyperbola, for 
example, is naturally said to be separable from each of the asymptotes. 

A set of points is said to be ‘ connected' if in every partition of it into 
two sets the two somponenis are inseparable. This definition may be com* 
pni*ed mth Jordan’s definition of a ‘ connex ’ or connected set, accessible 
to readers of English in Young’s treatise mentioned above (p. 204, 
Theorem 20) and in Hobson’s treatise on “ The Theory of Futiciions of a 
Beal Variable ” (pp. 137-138) ; as applied to sets which do not extend to 
infinity the definitions are eqnivalent ; but a hyperbola and one of its 
asymptotes, for example, form a set connected in accordance with 
Cantor’s difinition, with which Jordan compares his own, bnt not in 
accordance with the definition just given. 

A set of points is said to be 'perfectly' connected if every pair of points 
belonging to it belongs to a closed connected set contained in the original set. 
Tliis is the definition which is of fundamental importance; its uses 
extend far beyond the ai»plication to the definition of a curve. One ex¬ 
ample must snfiice to shew its bearing : if a single point is removed from 
a circle, the set that remains is perfectly connected, though it is of 
cour-se not complete, but if two points are removed, the incomplete set 
that remains is not perfectly connected but consists of two perfectly 
connected parts; the removal of any finite number of points or of an 
enumerably infinite number of points from the set composing a circle 
leaves a set which is connected in the sense of the definition above, as 
well as in Jordans sense and in Cantor’s, bnt it is not a perfectly 
connected sot if more points than one are taken. 

The ‘ edge ’ of a set is the set composed of those points of the set which 
are limiting points of Us complement. This is the common definition, 
which we repeat for the sake of readers to whom it is not familiar ; 
the complement of a set, in the case of plane sets, is simply the set 
composed of all those points of the plane which do not belong to the 
set under consideration. To remove a trivial exceptional case we 
require one other elementary definition; A 'muUipW set is a set c ntaining 
more than one point. We can now give the definition, proposed for a 
plane enrve. 
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.1 plane curve ts a viuUtple perfectly cmnected plane set ichn h coincuhs 
tcith its own edge. To say that a set coincitlcs witli its edge is one of the 
simplest ways of saying that every point of the set is a limiting point 
of the complement; the boumlary of a set is defineil as the sum of the 
edge of the set and tlio edge of the complement, and a set which 
coincides with its edge is a set which is contained in its honn.lary ; a 
set is called capacious if it contains points which do not hclmig to the 
edge, and a set which coincides with its edge is a set which is nos 
capacious. 

If a set is perfectly connected, so also is the set obtained by its 
completion, but a set which is not capacious may give on completion 
a capacious sot. We can assert tliat if the set obtained by completing 
a plane curve is not capacious it is itself a plane curve, and it is found 
that an important classification of ]>lane curves ns wo define them is 
into those wliich give capacious sets and those wliich give curves when 
they are completed. 

The reader will realise that the definition of a curve given in tliis 
paper eicludes the “ space filling curves ” of Peano and Moore. This 
exclusion is however no disadvantage, and is clearly inevitable in any 
definition of a purely descriptive typo (see also Young’s remarks on 
pp. 1G7-168 of the book already quoted.) 

It is obvious that the method used to define a curve in a plane can 
bo used to define a curve in any surface, the only modification necessary 
being in the definition of the comjdement of a set. But if tlie universe 
containig tlio sets is three-diniensional, surfaces as well as curves are 
imiltiple perfectly connected sots coineiJiug with their edges, and the 
manner in which a distinction can be made between curves and surfaces 
I can not attempt to describe in tbi-s paper ; a full account of a series of 
dcfinilion.s is already written, ami notice of its publication shall be given 
in the Journal. 

Eftio II. Nevili-b. 


The Problem of Dirichlet. 

(/»» ihs case of a sphere.) 

[This article is adapted from French mathematical books, viz., those 
of Poincare. Picard and Jordan and is given here for the benefit of those 
who cannot road French, in as much as Dirichlct’.s Problem is not 
adequately treated in any of the English books, at least not from a 
purist’s stand point.] 

23 
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Dejinxtion. A function V of the variables x,y,z which, with its 
partial derivatives of tlie first two orders, is continuous in a. volume 
T bounded by a closed surface S and which satisfies in the volume T 
the equation of Laplace viz.. 


a’v 






^+^=0 
ay® a=® 


is culled a harmonic function in the rejpon T. 

Enunciation of the Problem of Dirichlet. If we are given upon a 

closed surface S, a continnons succession of values, associated each 
with a point of the surface, does there always exist a harmonic function 
V continnons in the volume bounded byiS and taking at the various 
points of S the system of values given ? If so liow to determine it ? 

Ihis is the celebrated interior problem of Dirichlet wliich has been 
attacked by,many eminent Mathematicians and which plays an impor¬ 
tant role in the Theory of Potentials. 


As applied to ‘ Potentials the problem may be ennnciatcd thus :— 
“ Given the Newtonian Potential upon a closed surface S which contains 
no attracting matter within it, find tlie potential at any pointiinsidciS.” 

There is a corresponding exterior ])roblem of Diriclilet for tlie 
enunciation of which refer to any of the books named in the next 
paragraph. 

That there is a solution to this problem has been jiroved by Riomann 
(for the proof, vide : Pierce’s ‘ Newtonian Potential Function’ page 104 
or Thomson and Tail’s ‘Natural Philosophy’, page 170); but this 
proof has been jiointed out to be defective by Weier.strass (For Wcier.s- 
trass’s objections to Reimann’.s proof vide : Picard's ‘ Trait D'Anahjs ’ 
vol. II, page 39.) 

This problem has becii solved by Neuiuaun for any convex 
surface and also by Poincare (for these solutions inde: Poincare’s 
' Theorie du Potential Neictonian) ■, we .shall however I’ostrict ourselves 
in this article to the case of a .sphere. Before proccctling to tlie uotiial 
solution we give below certain theorems which will be require*! in the 
solution. 

2. (a) Green's Theorem. If U «t V bo two functions which, witli 

their first derivative.s are continuous in the volume T bonndoil by a 
closed surface .S and which have second derivative.s tliut are finite and 
integi'able, then 

//(“s-'s) ■""=/// 

the surface integral being c.xtendod to the bounding surface S and the 
triple integral being taken throughout the volume T. [For proof vide 
Williamson's Integral Calculus or Routh’s Analytical titatis, Vol. II,} 



The t)»eorem is true whatever be tlie number of surfaces which bound 

the volume ; only it shoul.l be noted that the .lerivatives —and ~ 

<tfi dn 

arc tuken alonj; the normal exterior to the volume considered. 

Cor 1. If U V are harmonic in T. = then the 

Kight side of (1) vanishes, and we have 


( 2 ) 


//( 


dU 


Cof. 2. In particular, if and V is harmonic. — =0 and (2) re* 

dn 

duces to 

(3) 

(fc). If {a, h. c) he the co-oidinates of a tixed point A in the 
volume T bounded by S, and (x. y. :) tj.o co-oitUuate:> of a vaiiable 
point I’, then the function 

_ 1 

satisfies the equation of Laplace, [uide ; Roiuh or Williamson ] 

It is not however continuous in T since it becomes infinite at the 
point A. But It IS continuous m the region T, obtained bv taking away 
from T a spbere E of intinitcly small radius p and having A for its centre. 

Applying therefore (2) of Cor. 1 given above to ^and a barmouic function 
V in the region T„ we have 


1/ (v 'S 


i£y 

rdn 


:)d.+ ||( 


(r) IdV 


^d(r=. 


0 


dn rdn/ ’ J J \ d» ’ ’ rdn 

S £ 

tlie first integral being taken over the bounding surface S of the volunio 
T and the second intcgi-al over the small sphere I described above, the 

differentiation^ being along the normal interior to T,. 

It is easy to evaluate the second integral. For, upon the sphere £ 
r has a constant value p. the second term of the intcgial is therefore 

equal f J which is zero by Cor. 2. 


AUo 


(r) _ 1 dr 

• «v 


dr ^ 

dn ^ 

.lu-eclion ofrislho diroclion of Iho nom»l exterior to II.. 
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Fj rtlicr ilie sphere E being infinitely small, the value of V at each of 
tlie points on it differs infinitely little from the value of V at the point 
A. This intcgi-al will therefore have for its limiting value 


we have therefore 


(4) 




4tt\‘ 


/(a,fc,c)=J I 




s 


(In 


r an 


an 


being taken along the normal interior to T. 


(c) Suppose in j)articular that T is a sphere of radius R with 
(a, fc, c) for its centre ; then the formula (4) becomes, as shown above, 


Ji) 

47iVK6.c) = JJ V_^d<r, 


dn 

d 


(~) 1 

jL being along the normal interior to T, — ^ - will, in this cnsB.be^. 

(5) 4-iTV(a,6,c)=i||v</tf-. 

(d) A harmonic function V continuous in a volume T cannot 

have either a marimum or a minimum value in 

volume T. If j)Ossible let V be a maximum at the pomt (a, 6, c) in 

volume T.; describe a sphere E of very small radius p about («, b, c) as 

centre; then at every point on this sphere 

V(ar, y, z.)<VC«. h c) 


• • 


1/ 


Vrf<r 

471/0 


• • 


<V(U, h,c)\l 

I 

^,JJv</<r<V(o, t,c) 


{ 4-nr^' 


whicl. is contrary to result (5) given above. Hence V cannot bo a 

maximum ; similarly it cannot be a minimum. 

3 Having established these preliminary theorems we proceed to 
ll.e problem of Dirichlct. Firstly we shall show tliat if the problem 
admits of a solution then it has only that one solution. 

If possible let there ho two solutions U and V to the problem ; put 

U-V:=W. 
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Now since U is a solation. V^U=0 in the volume oonsMer^l ; 
similarly V=0 in the same volume ; also by our assumption L 
on the surface S, both takin^r upon S the pven system of values. 

-^y =:0 in the volume T an<l W =0 on the surface S. 

W must be identically zero in T; otherwise, it must have either 
a maximum or a miuimum value in T which is contrary to the theorem 

proved in (d). 

Hence U=V in the volume T. There cannot therefore be two dis¬ 
tinct solutions of the problem of Dirichlet. 

4. Thus far we have been talking.' of any clo.sed surface S boundin : 

a volume T. Now we pass on to the particular case of a sphere. 

Assuming provisionally that there is a solution of the problem in t he 
case of a sphere, we shall determine its form and then wc shall .show that 
the function we have obtained satisfies all the conditions of the i>roblein. 

Let R be the radius of the sphere and let (a, 6. c) be the co-onli- 
natos of a point A in its interior referred to the centre as origin and 
let I ( = Vu’-f be its distance from the centre ; then we havu> 

according to the formula (4) of § 2, 


In the integral on the right hand side occurs besides V whiclni.s 

given,on the surface, the derivative ^ which is not gnven in the question. 

Un 

We use the following artifice to eliminate it: 

Let A, be the point conjugate to the point A with respect to ilic 
sphere; thou its distance fj from the centre is given by the formula 

and if r, r, be the distances of any point on the si>liex*e from tlic points 
A and A|, we have 


C) 1 


dV 


J<T. 
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Xow applying Green’s theorem to the fanction V and' to the 
function 1 which is harmonic in the sphere, we have 


17 C 


0 1 




dn 


= 0 . 


R 

Mnltii>ly this equation by and subtract it from the similar one 
given above ; then we get 


( 


wtf; 


hut we have 


© 


dn 


Similarly 


a.) 


“ r’ dn 
cos <t> 


_ 1 

“ r’ 2Rr 

_ 1 R'+rp-f.> 
? 


dn 2Rr| 

Substitating these values and replacing tx and \ by tlicii values 

and — respectively, we have 
4 4 


( 6 ) 


4nV(aAc)=-^//®V^'^‘*»'- 


This U the form of the solotion if thero exists one. It, remain, 
to prove that this solution satisfies tbotgivcn conditions , v*3.. 

(i) V (pM is continuous and harmonic within the sphere. 

(ii) that V («.6,c) assumes at every point on the surface of the 
sphere the value that has been assigned to it at the point and that has 
been used in the calculation of the integral, t.e.to say, that, if K. O 
bo the co-ordinates of a point' A, on the surface of the sphere and V. 
be the value assigned at V (a, 6. o) tends to V„ as the point (a,6,c) 
tends to (oo, b^.Co) along any path. 

5 Now, so long as (a,6,c) remains in the interior of the sphere 
r is not zero; therefore the integral considered as a function of 
(a, h, c) and its successive partial derivatives with respect to (a, h o) 
are contiuaoua in the interior of the sphere. 
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Also the integral satifies the eqnation of Laplace, i.e. to say 

da^ 36’ dc’ 

For, let / denote -—-—, then, reiueinbonng thnt = » 

.^^(x^ay+Oj^b)^+{z^cy 

wherear, y, 5 nre tlie co-ordinates of any point on the surface of tlio Sjdiore 

da- r- ( r’ ^ r’^ ' ) 

similarly, we get ^aml^/; anti we can easily see. if wc note that 


that 


l*+r*-R’ = 2[d(a-a:) + i(fc-y)+c(c-=)], 

9a’ bb^^dc 


+ms?=<^- 


^ d’V 

3a’3fc’ ■*■ 3c’ “4nKj J Vdti* 

V(a> by c) satisfies the eqnation of Lajduco. 


G. Lastly we hare to show that 

V(a, 6, c), j.c. j j V,/tr 

tends to V^, as (a, I, c) tends to (a^^ h^, <■„) 

1 r fR*—/* 

Now J I - tftr may bo put equal to the sum of two into- 
grals, viz. 

The fii-st integral represents a harmonic function continnons 
within the sphere and taking the constant value on the sphere 
assnming lliat sncl. a fanctiou exists. It is evident that sue), a function 
exists since every constant satisfies the equation of Laplace. The first 
.nteg.-al is thos equal to V„. [This may also be shown by actual L- 
grat.on extended to the whole sphere, V„ being constant]. 

to ““ '''' ten.U 

V vanes conUnuonsly on the sphere in the cap c (V- V , 

« a Bmull quantity which vanishes X ^ ^ 


<? € 
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In the rest of the spherical serface, i.e. in C, the diatsnce of anj 
point P on it from A-o will he not less 
than 2 R sin i S.; also if t) be the tlis- 
tanceof Afrom A^, r(=, AP) be not 
less than A^P—A„A, t.e not less than 
2 R sin A 5 —7j. Lastly, Z(=OA) T\-ill be 
not less than R — ij and hence 

R>-r* <(2R-i,)i,. 

Now going back to onr second integral 

wc niay il6COCipos6 it into two others, corresponding to the two regions 
c and C. Now the integral corresponding to smaU c, tiz. 

4-4 



is in absolnte valne 


_L_ f f R’—1* 

47trJJ. —pr 




t.e. 


<-6^. 

4wR 


11 








4nRJJc + C r' 

<G [tbo integral extended'tO;the sphere being 47 tR. ] 
Now the integral corresponding to C, viz. 



R^-l 




2M(2R- jj)>l_ r f 

^4iTR(2R9inAS-i?)*J J 
^2MR.(2R-Tt)T) ^ 

^(2R sin i 5-•»!)"’ 


This last expression tends to zero if we decrease tj sufficiently 
rapidly compared witli g, i.e. so rapidly that ^ is of the order 5‘ at least. 

Thus both the parts into which the second intcgi-al was broken up 
tend to zero. Therefore the integral itself tends to zero. Therefore it 
follows that V(a, b, c) as given by the formula (6) considered as a 
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fnnction of (a, 6, c) is harmonic in the interior of the sjdiere ami tends 
to the assigned value at any point of the surface as (a, h, c) tends to 
that point. Thus the interior problem of Dirichlet is completely 
solved in the case of a sphere- 

P. V. Seshu AitaR. 

The Pace of the Sky for October, November & December. 

The Sun 

enters Caprioornus on December 23 at 3-4t> a..m. 

Phases of the Moon. 


Last Quarter 
New Moon 
First Quarter 
Full iloon 
Last Quarter 


October. 
D. H. 


Novtmber. 


« « • 


• • • 


• • 


1 

8 

15 

23 

31 


9 

9 

1 

e 

4 


u. 

44 AM. 
42 • r.M. 
52 

16 A..M. 

40 


['■ n. .M. 


7 7 
13 11 
21 5 
29 10 


52 p.M. 
3 A..M. 
36 
11 




December. 

I*, li. .M. 

6 6 4 A..M. 

13 11 38 I' .M. 
•21 0 52 
29 0 59 


Planets. 

-^fercury is an evening star in early October. Towards il.o end of 

the month .n November and in the early part of December it is a 
mormng star. It attains its gi-eate.st ologation (18^= 67' W) on November 

' viz November G and December 6 

- s. ,o.aj 2“:^;-:; 

5-47 A.M. „n,l on December 27 Lt 038 Tm' 

October 12 at 0-15 A.M. ‘ Neptune on 

n.o.io:‘;“ o2:2:nher;tff'^x ^ ”■ 

with the Moon on October 20 at ‘-■onjunction 

December 13 at 813 i- m * ' ^ N^ovember 16 and on 

on October 2 „t 7-5 on October oo ''-itl. the ^roon 

an.l on Docoinber 23 at M 2 a.m. ’ 25 at 10 38 p.m. 

Deccmltor 13 at u''2r”|'"°“ '''oon on October 17 antl on 

^loon on December 24. 

24 -- Rame.sam. 
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SOLUTIONS. 

Question 540. 

(S. Krishnaswami Aitanoar) :— If S, H be the foci of the maiimnin 
inscribed ellipse of ABC and SH sabtend angles 0„ @ 2 ? at the 

rertices, prove that 6ccos0j+coco80j+a6cos0,=Ea*“ { £a*— 

Solution by N. Sankara Aiyar, M. A. 

We have be cos 0i=3AS.AH cos 0j(J .T.SI.S,, Vol, V, p. 14) 

=4(AS*+AH’-SH*) 

= f(2AG*-2GH’) 

=:3(AG*-GH») 

^ 2(6*+c*)-o *_3 ^ ) 5 

3 

Ihc COB ^ (a*+^*)*-4a*^= > i 

;=(a»+6*+c*)- { (2A cot w)®-12A*> ^ 

= (a*+6' + c*) - |(-^-|l6f(s-a)(.-6)(^-c) } ^ 
^a*+fc.+c«- 

=:a*+6*+c*“ { £u®—Li®6* } i 
{ Ea®-Eo®6* } i 

Question 549 

r 


s + ct *) 2 + ct ^) 2 +-- 

n n—1 n—2 

if r is even andn is any integer eqaal to or greater 
the value of the series may be found when r is odd. 


= 0 . 
than r. 


Show how 


Remarks and Solution by K. B. Hadhava. 

It appears to me that this is not true for finite values of «. Actual 

working with cases where r=2, 4, 6...and n eqaal_to a small number 

greater than the corresponding value of r say, 8, 6..., show that this 
is not true at all, except in the trivial case when r=2 and n is any even 

number. 
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Auy meuniug can tlierefore bo attached only wlion in tlie qne<;tion »i 
is supposed to t<?nd to iulinity and with that understamling Ccsaro’s 
method of snmmation of Asymptotic series § cun be used to get the 
required result. 

1 shall slightly clmngc the notation for convenience into the one 
which is more usnal, viz. powers of r — 1 instead of r, with corre.s* 
ponding changes thronghont. 


Lt. VI 

2 j 


«„*'* is defined as 


Lt. 


(rl 

wliere S=S„ + 

n 







II 


n i 


But 1—4''*‘»*+...is r—ply indotermiuate and is of Lite 
P(xl 

form where P is a polynomial of degree r—2. 

(1 +*) 

Thus 

(l-xr->[(l-2'--'a: + 3'->x'-...)-i]-Q(*)(l-.cV' 

wliere Q is a polynomial of «legTee /•—I and 




lim (r-‘ 


Again expanding 


/-5.0 dF'(l + eO* 


30 that £:!.{ _ A.. i \ B.. 

i_>0 dt'-^ vr+r* / “ V2 2 n * —“ ; 

and if r IS odd, Hm S=0 as was required to bo established. 


Hen., if r U con ond oqnal to 2n, ““ 1 

n ^ • 

lim g=:r! 1=(2«-1)! (2***_i) 

(*) Bromwich U s j **'■ ' -- 
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Question 567. 

(P. A. SuBRAMANYA Aiyak, B.A.,'L.T.):—Show that a uDiform telra- 
heclrou of mass m is equi^momental with six particles of mass 7/1 at 

2 

the miihllo points of its six e«lges and one of mass r wi at the centre of 

5 

mass of the tetralieili'on. 

SohUiojt by K. B. Madhava and D. Krhknamurti. 

First, it is oh\ious that the two systems have the same centre of 
inertia. 


Let OABC be the tetrahedron ; P, Q, R the midpoints of OA, OB. 
; D. h, F of BC, CA, AB. Replace the particles (each of mass 

7 a) at U, E and F by the eqnivalent particles at vertices A, B and 

C vizt by particles each of mass i m. Also rei>lace those at P, Q, R i 


OC 
1 


lU 


the same way. ThusUve bav*o — 7 n at 0 ami tlie same amount at each 

MV 

of the other three vertices. The latter are again together equivalent to 
— m at c?, the centre of gravity of the triangle ABC. Obviously tlieu 

the centre of gravity of the whole system is at G, the c.g. of the tetra¬ 
hedron itself. 

If wc now prove that the two systems have the same moinents ami 
products of inertia about some three axes, we can show that the two 
systems are kinetically equivalent. 

Draw through 0. three straight lines OX. OY, OZ meet at 
right angles choosing them as co-ordinate axes. Let (*i), *#) be 

the co-ordinates of A, B, C respectively. Then^^)i (y) ’ (y) 
are the co-ordinates of P, Q. R aud / —— 1» i “2 /’ \ ~2 / 


of D, E, F. 

Let P he the length of the J.'' from O on the opposite face and take 

a section LMN parallel to ABC at distance i from 0. Its area is-p- 

where A is tlic area of A ABC. Now the moment of inertia of « thin 
ilice of (hicknoss d E about OX 

= that of particles each 5 A<d LdE placed at the mld-pointe 


ALMN. 
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•i 

Hence integratinjj w. r. t. i its moment of inertia about OX 

1 - p 

(y^+yO’+(i/.+yir+(i/i+y.)*} 




Now, the moment of inertia about OX of six i.artielos each of 
mass at P, Q, R, D, E, F an.1 one of “ rn at G 

+ . (v.+ v.V . 

lOLl 4^4 ^~4“^-4-+ 

. (£^ (:, + z,y] 

A .i • A • — - 


m 




4 J 


10 

which is the same as before 

.Jim- :“oz"" 


on 


-^[(yi+y0(-.+--,)+(y,+y,)(=,+.',) + (y,+y,)(.-,+;,)]; 

that of the seven particles 

•=^r^’+-A'+^‘+fe±M^ fa+y.)(--.+.-.i 
+ j p |y,+y.+y,j |- 4 ^+- j 

^'^'+=''^^'-+*'-)+(--.+--.)(y.+y,)+(y,+y.)(.-,+--,)], 

t>hich are eqnivalent. 

of JJZJr “•>- t«„ proaucts 

v*?r.srx'r “ s— 
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Question 603. 

(S. Kbisunaswami Aiyanuab);—S how that 

i-(^)’+ (1^)’- (f!) sinSye-l, 

an'lSndthe value of +. 

Solution h>j P. V. Seshu Aiyar, K. J. Sanjanoy T. P. Irivedi 

and N. Sankara Aiyar, 

Thent-ht hand sule=-| /” 


1 /•'" 

=_ COS (2z sin 0)d9. 
■n J ^ 


( 1 ) 


0 

(2zy (2a:)* . 

Now cos (2 j! sin 0)=1—*** 
Hcncc the general term on the R. H. S. of (1) is 


•« I 


1 f\in*"9dG 

^ (2n)!'rTJ0 


, n"(2*ri (2n-l)(2n-.3). 1 ^ 

p;oi;r*2«(2«-2).2 

2*V“ 1 

2n(2n—2)..^a ' 2n(2n—2)...2 

whicli is the general term on the loft. Hence the given result. 

By potting ix in tlic place of ic wo get 

!+(»)’+(^) +...^^J’^cosh(2asme){?0. 

}^ole. _The L. H. S. in the question is only (2*) and the R, H. 6 

is the well-kno^^TJ integral form for Jp 
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EiTiinrks by K. D. ^fa(Vlava. 

The first expression is the Bessel Function J,, (2 j-) an<I is there¬ 
fore equal to the integi-nl on the right haml side which is more faniiliarlj 
written 

1 

— ( cos (2^ sin 0) dQ. 
o 

The second expression is ('2t>), for some interesting remarks on 
which reference may be made to B)*erly’s Fourier's Series and ii^hcrical 
Harmonics ”, page 232, 


Question 605 . 


(S. Ramancun) Shew that, when x=x 

(z-fg—h)! (83:-h2b)! (Ox-ha-fh)! ^ /2 

(3x-|-a—c! (3z-ho—6-|-c) ! (12x-f36)!~^/3 

Solution by K. J. Saryona and A. Narasinga Eao. 

By Stirling’s Theorem, the limit x ) of (x+«—fc) ! is 
V { 2Tl(x+a-t) } . 


and similar result® hold for the other factorials. Cancelling (27r)'^ 
it i.s seen that the limit required is the product of the limits of 

{x -ha~fe)(8zq-26)(9x-f g+h) 

(3 J5 -f a—c) (3x + «i - 6~-f 0 (T2x^ir) 

and . ) 

(3.r-Ha-c)«+''-‘^(. . ' 


V 




i2+'}2+h+h 

The first of these —- 1 /-/2 

V V 3- 


For the second, we see that 




X 


—(a—5)1 

z ’ 

there will bo similar expressions for the other factors 
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Thus the second limit 

^lMrtSrt+»tl gM!4.tb g»r+rt+6 g»T+j6 

3W4rt_F;c 

Hence the given resnlt is obtained. 


Question 606. 

(S. RASfA.N-UJAN) :—Shew that 


Now 


2 :{'Tfea?'}-fi-A{w+v«}-. 

Solution by N. Sankara Aiyar, M.A, 

2 : 


24 

il' 


-1/ 

"24^ 

in 


.1 f 

*24 

121 

_7l’ 

.1/ 

24 

121 


1/ 


8 


} 


=S-A{*“ 8 (V 5 + 2 )}’ 


Question 6io- 

(K. V. Anantaxaratana Sastri, B.A.):— If T is a point on tho 
directrix of a parabola and #„ f„ the lengths of the tangents TP, TQ 
from it to the parabola, shew that tlie length of the arc PQ of the 
parabola is 

t'+U*. W r • X. 1^1 . • > 

Solution by K. J. Sanjana, M.A. and S. Vcnkataraya Sattry, L.T. 

With TP, TQ as axe.s, the equation of the curve is 

J I 

=1; and the required length of arc is 
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I’utfiDg i—2*,y_^(la pOaitivc j'l'oj’Or fiactiou, we 
got tlie mtegi'al 

- 

” Jo -V- + V} V.-. 

It will bo fonri'l that the iiuloliiiite iiilegral is 

#(-)=! V f ('.’+e)-’--2;/.--r// } 

omitting a constant. 

Tliu.s the length of avo is 

-l<wrh-0«a/ Solution by L. N. Subramoniau, .V..I., L.T. 

Question 612 

(N. Gak*.„„, S,,.a A,ta, 0 :_A »enos of ellipses have a eomau... 

i^^M.... 

So/a"e„ (Ij ^ ,p N.r.„,:y. iw. .V. Du..i Itajuu u,„l N. D. ru,*c ; 

(-) hy A. J. Sanjana^ J/,.-!., x. J>. TrieJi, 

(1) Lot F be tlic coniiiion fni*iw 

length of ll.e major-a.i,. If H s Z‘ w 

thus F P+P H- 2 a* Tlifv 1 # it ’I'e ollip.ses 

.■ = 2a-F P centre P. :uhI radius 

Luiu':; "hr:iH;:":::::i;:.:;^;::;v“ 

Q is tl,o roiuiecl euvclupo ‘ ^ ‘''''' ” ’ ““ 

Wchaeo lM2 + (ar = 2., = l.-y + ,^,P - Qn^y,,, 

"hq .-»cs',i...o„g,, i.. 

roci. ana i. foe 

This result. n>ay bo gencr.ah.od thus 

Ihe bipolar equation of a euwo U /-tY ^ tr 


Al 
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1‘ is a set of curves wliose ei^uation referred to F and P as poles is of 
llie form / =/(>-) + coust. 

ANith a notation similar i to the above, wo have PH=/(PF), and 
the locus of H is a circle or a series of concentric circles according 
«s / is single or multiple-valued. 

Also P H =/ (P F), Q H =/ (Q F). 

P Q—/(Q F)-l-const. 


Hence the locus of Q is a series of curves of the form 

/ =f (r)-f const. 

(li) Take the common focus iS as origin and S P as the initial 
line, where P is the given common point of the ellipses. 

The cqjuition of any conic is 

— 1 +c cos ( 0 —a), 

wlicrc n is the constant .semi-major axis, e the eccentricity, and a the 
angle made by the axis with S P. 

Let S P=c ; since X’ lies on the conic 

?(lzf!)=l+ccos<. 

c 


or 


a(l—e*)—c 
cos a» i. 




Substitatinir in the equation of the conic, Irausposiug ami squaring, 

( e(l-c* )_ 1 _ «(l-e*)-c; 0 V 

I >• c ) 

sse* sin* 0 sin^ase* siii’0 (I—cos’ti) 

= Kin' 0 - I I ’sin^O, 

whence 

(1-c^/ { aV-2crco^0-|-r'') > -(l-e") { 2 acr(c-f r)a-cos 0) } 

— rV(l—cos0)(l4*'^t>s 0)-}-r*’ *(l““Cos 0)*asO. 

Taking the discriminant of (1—c*), we get for tho envelope 

{ 'l<i{c’\-r) — rc (l + cos 0 ) } ’-=4a^ {c'—'icr cos 0 +r^). 
ol‘ ^a'-fre (1 + COS0)— 4‘i(c-l->‘)=0, 

or ( 8 u’—4ac +cxy = (4a—c)’(a:’-l- y*). 


which is a conic section. 


Question 615 . 

fScdected) .—Find two numbers siu-h that the sum of all the aliquot 
parts of either is equal to tho other. 

by K. Itamasixnmx lyctiyar, D A., B.L. 

.juppo.-iO tlio uumhera required to lyO X^ 2 ''.p.j atid X =.2 ,r 
whcio p, q, r are pnnies. 



Since tlie sian of the nliqnol i)arfs of one is oijual lo ilio other, n-e 
have tho following" eqnations invohnng p, q, r. 

(14-2+2*+...2’')(l+p)(l+^)-N = N', 

(l + 2+...2")(l-i- ,)-X'-X. 

(2-'**-l)(l+^0(I+7) = XfX' 

= 2>7+,)3:(2"^'-l)(l + r). 

Hence we get. 0+l)(j+l)-(r+l) ... ... ... (i) 

^ 4. Jl =1 f.n 

i>+i 7+1 2’‘ ••• 

Now, to satisfy (2) init 7 )+! =2"(2^ + l), 

7+1=2’*(2-H1). 

T.aking a very simple case, when k=.0, 

/)+l=3-2’‘ mi.l 7 + 1=32'-*. 

Tlie numbers are 

N=2"{3-2"-l)(3-2"-‘-l) 
and N'=2’'(3*-2’’'-*—1) 

wliere n is so chosen ns to make 3-2’'—1, 3 2""‘- l, 3’-2*’'"'—1 primC' 
When /i=2. 4 the numbers are (220, 2^4) and (17200, ls41t;). 




(S. NA.iyAxA Aitar, A ) :_K,...,l,lisl, n,c fullowii.A. ovicn.lon „t 
Ihcovntn- 

+'r —fc—1) 

- /> 1!^^-'^ +-- ■ ^T-f.v>+... 

= 4(0) +“ .^-,+(0)+“<£±l) ^%'Y0^4. 

b 11 ^ '^b{h+iy 2l^ 

(-0 When a=.h, tl.is reduces to Mnclaurln’.s theorem. 

( 6 ) hen 4{T)-e\ thi.s reduces to Question 57G (,T. T Jl S ) 

(r) Kxamine the case when 4(*) = cos a;, (l + .r)-" 

Solution by K. It. Ma^lhava, E. J. Pocock, T. P. Tnce>h\ 

and M. Bhimasena Eao. ' 

TO, i, ,,J. „ jraclanrin’, U.oorcn. 

liat wo have to prove is merely 

K 6 + 1 ) 2 ! H(>+lK 6 + 2 j-^■ 31 +- 

Ki'+l)(64 2):r(6+^tri)';r!' 
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amt ihis is but a slisht alteration of Mr. Sanjana’s problem No. 16755, 
solveil in the “ Kilncational Times ” Vol. 18, p. 93, with liis 5 ami c 
i*espectivcly—(u—5) and b of tliis problem. 

(u) Obviously it 13 Maclaurin’s theorem wlien a = i»; for, all flie 
terms, excejit tlic tirst, on the L.H.S. vanish. 


(h) As tlic proposer himself jioints out, if d(a;) = t* it is his 
Question 576 for e* is not altered in its form by any number of 
ditt’erentiatious. 

(c) With vf(a:)=cos x, we get 

(a—b) X . (a—6)(a—6—1) .'«* 

OOS _ s.„ cos .+ ... 

a(a+l)a5'* , n(a+l )(<2 + 2)(a+3) x* ^ 

" 6(5+1) r!"'‘6(t+l)(6+2)(6+3) *4 ! ■" 

as we should ,e.\pect it without otld powers on the R.H.S.; it is but a 
most general example which would come under his formula (3) wliich lie 
has obtained on p. 184 of the J. 1. M. S. for October 1913. 

(d) With 4 (*) = (l + a:)-'‘, we get 

1 r, u—6 n X , (a—6)(a—6—1)«(« + 1) / » 1 

V-—-rI+-x+ “Rt+l)-TS- ti+J -i 


(1 + 


_j_o « ^^a(a + l) »*(« + !),,*_ 


b' 1 ■ ■ 6(6+1) 1-2 

which, reducing it to Mr. Snnjana’.s form, is 

(T+x)" I 1 ll + aJ ^c(c + l) 1-2 U + -'/ ) 

, (c—6) « ■ ( c-6)(c~6 +l) m(«+1 ) 

= l~-c l-o, 

wliich states that 

F(„, c-(., „,-.r)=^ 5 .:^„P(- t, 

^Yith the U.siial notation P for the liypcrgeomet ric series. 

This result viz : 

F(a./?. y, x)=- ^ F(a.y-/?.y-ri) 

(l-x)“ 

can be more easily ostnbHsbed by Fulcr’s Transformati..n as suggested 
by Kx. 9. p. 170 of Bromwich. 
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QUESTIONS FOR SOLUTION. 

636 (•^- Xarava'A A:var, M. A):—Kstulilnli tlio fullowinL' 

iilentiiies 

■ (^-p.-1) ■*■'* ‘"r " ^ m^h ' 

(ii — h)(a — h— l)...((i —f- —1) 

. • 

:: ———1 fa—•2)...(a —t —+ r , a 

Hb+l).h+-2;:..{b + »+U ^ 1 "'b 

4 -»i’ ( _] \»i a(a+ l)...(a + — I)") 

6(' +l) '' t(i + l)...(6 + ii-I) } ■ 

ill. P(^i. fc. c, a:) = (1— , 1' c—/*, c,-^^ . where F slaml,-fui- 

the hyjtf'rf'eomctvic series. 

iv. /r , ^l«fl' + l^{a+2)_ ■) 

I b 2v,(h-.i)'^.rt(6+iH/>+V) ./ 

ll+x' h --(l+x/* Kt+l) .j- -lo^' (1+,.). 

V. TT. li_?:''fa+l)(a + 2) ^ a(« + l)'a + 2)(u + 3)(.i + 4> 

6 3!.l(b+l)(6 + 2) 6^6+!)(/,+2j(6+:i/(/.+4) . 

__ f .„a-6 _TtUa-b)(<i-l-l)(a-b—2\ 

X ' b S': b(b+l){b+2) .j 


7i*a(ti + l) tF .i(a-t-l)(a + 2)(^3)_ 

2’‘6(6+lj 4! 6(,ft+Ufft+2)f6 + 3) . 


= _ r ■) 

I 2.j 


687. (K. J. Savja.va, M.A.) :—Fiu<l the cnveloj'e of tlio .siraiglij lino 
«/^ + rm’+u- + iVi,H.2r'/ + 2,o7m = 0, where u, v, ,r. F. «•' me given 
Imoar functions of the co-onlinates ;/) ami /, m are nirameiors 
connectc'l l>y the relation ^F+jin*=l. 

Wliat will ho the .h-groo of the enveloiie equation when «, v, «■. n'. 
r, K are all or some of them iinmlratic functions ? 

6S8 (OiNmEAM li Jas,):_S.I,«„|, ,l,os„mot tt,o 
o thelu.Ht nnatcirAl moiabor.^, prove tlml 

^ .iv:,.. 
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639. (.T. C. SWAlIi.NAftATA-V, >r.A). If S„=:r'+2"'+3"'+, 

J'iMVe 


7S.,+ 58, = 12S,S,^ 

630 (J. C. S'v.vM(NAiiAyAN, 3r.A.) If S, donolos fho sum of the 

of Uic lir^t y (kM naturnl iminbers, prove f)ie followini' 



691. (A. XaI{a«!I.voa 1?A0) ;—A in.-vrldo 5?lnb of h i»oimds breaks 
into k pieces witli wliicli .a tradesman finds }»imseU able to weigh goods 
frinn 1 to h ponnds ffractions exoliidod). Sliow that the least value of 
/.• is the smallest integer satisfying the relation 2 m + 1. 

\\’h:it ar.' tlio weights of tlio several pieces ? 


692, (l<- VrTiiy.s-AriiAswAMr, B.A.)Prove that there cannot exist 

a liyperb..lni.l. whicli is such that three and therefore all generators of 

earrli system are mil lines n\ r. t. a sy.stem of forces. 

% 

A system of forces acts along generators of one system of a hyper- 
l.ob.id au.l I, m arc the two generators of that system wliich are nnl 
lines. .Shew that the nnl plane of any I'oint 0 is the jdano 0|»Q where 
P, (.} .are the iioints of contact of the planes (I, O) (m, 0). Prove also 
that, convor.sely, tlic mil point of any plane which cuts /, m in P, Q is 
tlie polo of PQ H-. r. t the section. 


693. (P- VviHy.sATiiAswA-My, B.A,):—If .\BC, .V'B'C' be triangles 
inscrilicil in tlio .same circle, In. Bj. Bj the later.vrecta of parabolas liav- 
ing A.B.C for foci and touching‘.tho sides of A'lVO', L,'.B,' B,' the lafera- 
recta of parabolas having A'.B'.C'. -as focPiaud| loiicliing the sides of 
ABC. sliow that Ii,L|Tjj = Bi I<j B,. 

694. (-'B BiiiMAsrsA, B.v'O :—1'angentN at P and Q on a cubic 
curve int”r.scct on tbe curve. Tbrongb a variable line ent.s the curve 
in 11 and U'. Provo that PU and PH' are conjugate lines of ii pencil in 

involution. 





lOi) 

Dciliico tliat llic four lines formeil hy joining any nxtjil ['uni on a 
cubic oiu*ve;to the points ot contact of tangents drawn lioiii a vurlahlo 
point on the corvc (to itself), taken two by two, form three | eucils iti 
iuvolatioD, and iletennine the ilouble rays of the pencil^. 

695. (H. J>RiMVASAN. M.A ) :—Froni a point P im a >plierc t\au* 
straight lines PA, PB, PC\ PD are drawn to inoel it iu A. 13, t \ Ij such 

that APB = 13PC^C1MJ==DPA ; shew that PA+PC = PB + PD. 


696 (S. KrISUSASSVAMV AiVANOAI:) :—If p. bo llie Iatera-I\a;la 

of the parabola and the rectangular liypcrbola of clo>c*il contact with 
a corvc at any point, prove (hat 


697. KKl^UNA^WA^IY ^VlYAN'iAI:) ;TliC base UC of a Iriailgle 
is given in magnitude and jio^ition. lltlio iulcrcejd iui t)ic tangent 
to tlic incircle parallel to the Ikisc and terminated by the >ide^ is of 
constant length, Unit tlie locus of the vertex. 


698* (D. KrisuNAMUirri) :—A variable tetrahedron lias its 
vortices lying on four fixed straight lines passing through a point O. 
If AIR]) 1)0 llic vortices in any iiusitiou nml a./?.y.5 llic to'ralio.Ual 
co-oi-diuatcs of a lixeil [luinl witli lot'oroncc to ADCD. sliow lliat 

(0A0130C(»D)a/?y$ 

(a OA+^ UU + y OC + 5^U)* 

699. (S. Ramamjan) Show lliat tlic rools of the dinations 

(i) a:'’-*>AJ+2.c-l=0 

(ii) 

Can bo oxprc^adl in terms of i-Hdiculs. 


700- (vS. Kama.Mjan) Sum the series 

70r (K. AtTtKCTTAA- j:«Al.Y, M.A.) .-1* is a point wuh.n the area 

it's n »*'■> ('')■ Frovo 

1 ‘ I 0 (In, common foci, (lie mean vaiiic of (SI*. lU')-' is 

iii'-ub- (a+b~)’ 
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ami tlml of (SIMIP) 


702 (Mahitn M. Tu-.mas) Prove that 


Tf 


12-71’ 
48 • 


(i) I 2 aiu-c (log sin x).cos ,t lot'(cos.f) <f-c- 

(ii) r = , , J_. 

’ o * 


703 (^^• Sankara Aivar, M.A.) If AP i« ihcsymmeiUan (lii'oiigh 

A. I'love lliat 

E { (6-+C0AK.KP ) =6 <iW. 

704- (S. Mai.uari IIao, B.A.) If tlic .sudi of a nnnthei' of throe 
• ligits auil the number formetl by reversing the <ligits be divisible by 'M, 
j'liew that the sum of all such pairs of luunber is 480x37. 

705. (S. Mai.harj Hao, B.A.) -TIjc ciryinnfcroucos of foureouocn- 
tric circles are cut by two diameters. Arrange the Jiumbers 1, 2, 3,...1G 
ul the points of intersection in sucli a way that tlic sum of fbo 
numbers on cAcli radios and ou each circiinifcrcncc may be tlic same, 
and also the sum of every pair of dinmctricully oi'positc mimbcrs may 
be the same. 
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The Folium of Descartes 

By M. T. Naranienoab. 


1. Let the equation of the curve be 

x*+i/=S axy; 

then the tanf»ent nt P (r„ y,) meets the curve at a point T (a^ yg) such 
that 

. _ ar,y," . ,, _ y,x,» 

If the tangent at Q (x^ y,) should meet the enrve at the same point, 
Tve must, similarly, have 



^ _ *jya* . .. _ 

. y»*i" 


^3 Vz 

yj’'-®2’ 

Hence, we deduce 






y' 

y/ 

In other words 

®ii y> = —®i 

■ ya; 


or in the figure, OP, OQ are equally inclined to the axis of x. 



2. To prove thaf TO produced hieccts PQ at V such that OV—TO. 


For, we have 

* i-fyi/Jir i + (yj/'i)* 

= -^ + *i«»V3‘»yr 
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Similarly, 

/3=l—X^ + .(VX,’/3ut/,. 

Heuce, by addition, 

2/j=-(j-,+x..) 

In the same way 

Thun, the middle i>oiDt of PQ U (—X;,—y,) wliieh j)roves the result. 

3. To jind the equation of P(i t'u Urine oj the co-ordinates of 2'. 

The equation of PQ is written 

X+.6 Xi — J'j ’ 

if the point T is taken as (x,y), since PQ passes tliroujrh V or ( —x, —y). 
Now y,— 'j.: x, + a;^=y,: j-j by S 1 

yi—'/«=—-xy, x, = —2y,' (x, —y, ) 

= +-y.y/ (xv+y, ) 

Similarly 

jj—=. 2x,u\*, Say.. 

l/i—yi -■ x,~.«.-,=y,ya' ; x,x, = —x-; y‘ by ^ 1. 

ileuce, the equation of PQ is 

X + x^i/ 

or Xx’+ Yy*+.‘>uj-y =l0. 

4. // FQ cuts //(c c«/-w in It, then OJi ami OT are ^quallj inclined 
to the axis of x. 

This follows easily fronuhe preceding. Pyr, the homo'eneous 
equation ® 

xy(X"+Y*)+XV(Xx'+yy ^)=0 

should represent the three lines OP, OQ and OK. 

Putting Y=^X and tj=^inx, wo have 

l) + p(Iq. (a-^) =0, 

which shows that OR corresponds to ihe vnln.^ . 

* _ 'aliio —Qp .wv 

correspond to the values ± l/V-'a yf ,Kmce the result stated 

5. Parametric expressions for Ih. co-ordinates of T, P Q Jf 

Pulling , = lUc c„.„rdi„alc» of T are easily oblaiacd'ia ll.o form 

J *' Of}i 3 
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c^ing T the point ‘ m,’ we may write the points P, Q, R as 
+ (V-i;*), (-V — m) and (—m) respectively- 

Oor. 1. The chord of contact of the point *m' may therefore be 
expressed in the form 

X+Y 7n*+3 am=iO. 

Cor. 2. The tangents at T and R meet the curve at the point 
and the equation of TR is 

X—Y m*—3 ajn*=0. 

Cor. 3. The envelope of PQ or TR is the rectangular hyperbola 

4 XY=9a’. 


6. The triltiiear equ<ttto7i of the Folium referred to OPQ as the triangle 
of reference. 

Denote OPQ by ABC. Then, remembering that OP, OQ and OV, 
OR arc equally inclined to the axes which arc tangents at 0, we note 
that 

(i) A is a node the tangents at which are /?•—-y’s-O. 

(ii) If BC cuts the curve at D and B is the middle point of BC, 

AD is the symmedian through A or C/5—6y=0. 

Hence, the equation of the curve is written 

aa(>5*—y*)-f 4/?y(cj5—6y) = 0. (Basset, §91.) 


-Vofe.—It must be borne in mind that u, c are not independent 
of one another. For, from the parametric e.xprcssions for P and Q in 
§ 5 (where t replaces a to avoid confusion of symbols), we hud 


c=OP= 

1 + /1 


V1+P-*. 


ji. .standing for Ian POX or cot I A. 

Hence, tlie relation connectiugio, b, c is found by eliminating fi 
from the alore ; thus 



( 


6 - 


6+c 


c/ •(#—6) (s—cy 
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Tlie equation|of tbciFoliuui is, thcrefoie, 

=(/3’-r)y/(+i/SY < + P-') > =0- 



7. Ij any chord i>D<] be druun Ihrvuyh D. Ihtn the itoynnal Conjiujata 
'»/ .li’. A'j, are harm.-nically conjwjate to Ay, .1/. re‘pccth Jy. 

For, the equation of pl)q is of llie form 

c/3-—ly=ka, 

and whoro tins cuts the cubic 

«(>(?*—y') + 4 k/}Y=.0. 

Ihiit is, the lines \p, Ay are of the form 

/? = Xy, /?=:—y/\ ; 

whence the result stale<l follows. 


S. If AB\ AC be Itco ieojoual chords, and li'C „uxt liC in F and 
the curve in D\ than A{FB DC) ami A{FliD'C) are hannomc. 

Let the equation to B'C* be a=7/i^ + Myso that AF is ;a/?+«y=U 
bbrninatiUK a between this and the equation of the curve we tret 

for tho Imos AB\ AD', AC'. 

if this cubic lias a factor ni/? —av > 

factor »l,oul>l l,„ of tho form “’"’"'“'"S ^na.l.olio 

(/?- + y'+\/?v) 

as Is seen by division. In other \vop.k ;t \i»'i it ■ 

gate of AF, the equation of AB'. AC' is' ‘ ^ conj,,- 

>S^+y*+X/?y=0, 

th.t i, AB-, AC’ ttre .ogonally conjogato. 1 hU proves, tho 6rst result. 
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Again since the tangents at B', O' meet on the carve by U. we 
may consider AB'C' as the triangle of reference and AB, AC as a pair 

AfF^rt , r® preceding it foUows that the pencil 

A(r BD C) IS also harmonic. 


j ft B or 0 o chord pq be drawi pardLUl to the median 

Aq are tsogonal. 

For, the equation to the chord through B parallel to AE is 

aa+6>J+cy-(6^-cy)=;0, 


aa+2cy=0; 

and this cuts the curve in points lying on 

-2cyC>ff*-y*)+4^y(c/?-6y)=sO 
y(c>ff*+cy’-' 26 ^y)= 0 . 
Hence the equation to Ap, Ag is 

c(>3HyO“26^y=0, 

which shows that they are isogonal to each other. 

10. The equation of the curve is written 


>ff*(aa+4cy)ay*(att+46/?), 

/3*.t3=y*.w, 

where v, w donote the tangents at B, C respectively. 

Hence : The curse ie the locus of points such that the ratio of the 
perpendiculars on TB, TO varies as the duplicate ratio of those on AB, AC. 

11. If any chord Tpq be drutvn through T then Ap, Aq are harmoni- 
colly conjugate to AB, AC. 


Any line through T is v=k'‘w say. 

Putting i>=A:*ai in the equation /?*os=y’«', we have 

ft*^*=y*, or k^= ±y, 
for the lines Ap, Aq. Hence the result stated. 

12. Other Transformatiotts : 

The equation x*+y'=3 axy is transformed into 

a:Cj;'+3y*) =a{x'~y'*) 
by turning the axes through 45°. 

Putting x=p cosh u, y=p sinh u in the latter, we get 

p cosh 3 u=a, 


siuce x^ — y^=.p*. 

13. Geometrical Interpretation of the equation pcoth 3usa. 
Let the rectangal^ hyperbola 
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be drawn, where OX = f). Then, if OA-=a = ^ cosh the cnrviliDeor 
area /O®- 3m; so that P or {p t-osh «, p sinh u) is such that 

area OXP=J area OX/». 



( 1 ) 


( 2 ) 


In other words, the point P of tvisection of the curvilinear area 
OX/) traces the Folinm 

p cosh 3M=n. ... 

14. The tangent at * u,’ may be written 

a//3=2 cosli (m4.2u,)— cosh (u—4u,) ... 

This meets (1) at points given by 

cosh 3 m = 2 cosh (u+2u,)—oosh (m—4m,) 
cosh 3u+cosh (m— 4u,)=2 cosh (u+2m,) 
or ^ 2 cosh 2(u-u,).cosh (h+2m,)- 2 cosh (fi + 2u,)=0. 

cosh (u + 2u,)=0. 

» + 2u,=,-(2M.|-l)7r/2. 

If the tangent at ‘ should meet the curve at the same point as 
determined by (3) 

M + 2u,=t(2»i'4-l)‘n/2 

u, - u j=t (n'— u ) ■7T/2 

cosh (mj— u,)=0 or ±1, 
which agi'ces with the result of § 1. 

Again, the tangent from a point {p^ is s„ch that, 

, . cosh (uo+2u)—co.sh (mo-4i») ... .. / 4 \ 

M beuiR the point of contact. * ' 

«ud ""L'r(4), 


(3) 


r(tanh «,)=:0, 
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which is identical with the property that the sum of the tangents of 
Tectorial angles of the four points of contact is zero. 

In particalar if {p^, uj be on the curve 

2 tanh tanh «i-t-tanh Wj=0. 

15. The line p cosh (t*—Ui)=:o, which is a tangent to the 
hyperbola /0 = o, meets the curve in point given by 

cosh 3u=cosh (u—t/j) 

whence tt = — 

In cartesians this means that the tangent at (seca, tano) to the 
hyperbola x* y*=a* cuts the Folium at the point whose vectorial 
angle is (—a®)* 



Hence the following simple construction for the Folium 
Take the tangent at the point p (seca, tana); make AOP =—^o. 
Then the locus of P is the Polinin 

p cosh 3u=a. 
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SHORT NOTES. 


n = » 


r 


1 


On the product || jl+(a + / 7 d) j* 

/I=0 L J 


T. Lot 


It is easj to sec that 


... ( 1 ) 


r 1 I / q+/ ?y) r 1. b_ _» ' 

\ \ <( + a/ / "1. V » + /?/ i 






-/?)-: (a+^)V:t ). 'j . 


2» 


• •• 


( 2 ) 


« = x 


=:1 




{rti+a)r(i+/?)}« 
r(l4-a4--J^,r(l + /^ + 2a)’ 


(3) 


find 


n -=:C0 


« = 1 


fl- f («-^) + >(a+/?)V3\M 


I 


2 It 


J 


(4) 


can 


ri_ r(a-/?)-j(«+>ff)V3\n ^ 

L \ 2»1 J J 

cosli " 0 ( 0 4->^)-\/3—cos -Tr(a—j(?') 

27T'(a*+a/?+/?') •■ 

It follows from (1) —(4) that 

+(<!./?) 4 (/?.a)^ _ < ni + a)r(l-h/?) > * 

f coshjn(a + /?) \/3~cos -n(a 
{. 2-n*(a*+ay5+/?*) J ' 

But it is evident that, if a—/? he any integer, tlien 4(a, a) 

ho expressed in fmite terms. From this and (5) it follows that 

2/ 
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4(a, >5) can be expressed in finite terras, if a—/? be any integer. That 
is to say 




{■H3'} {■+(.«)'} {‘-(sa)'! 

can be expressed in finite terras if x—2a be a mnltiple of d. 
2. Suppose now that a =/? in (.0). We obtain 


_{r(l+a)} sinh'ffttV.'i 

r(l+3a) ■ 7taV3~ * ^ 


Similarly putting ,5 = a + 1 in (5), we obtain 


_ { r(l+a) }= * co sh -ff(j+a)V 3 
r(2+3a) ■ 'TT ‘ 

Again, since 

it is easy to see that 

[(‘+t)('+»-] [{■“(jJh)'} {■‘•U-i-.)'} -] 

_ r(-ia) ^cosh 'TTa-y'S—cos 

-riKi+ank-l^TiT^-^ ;■ (8) 


3. It is known that, if the real part of a is positive, then 

tnn“’(x/a),^ 

logr(oi)=(a-.i) log a —o + J- log 2^ + 2 ^ omx -“ 

•’ o c —1 


(9) 


From this we can show that, if the real part of a is positive, then 

ilog2wn^--blog((l^^)(z^-)(l-b|;)...} 


V3 

/cosh 'xraVS—cos -Tia 
” -na 


- 2 - ruc -h-^^- (10) 

0 e —1 


From thi:J and the previous section it follows tliat 

^ ® (an“* 

i o 


2w»x y 
e —1 


dx 
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t;an be cxpvcssotl in iiuito lonns if »t is a positiv.' iiitCL'or 
example. 


Thus for 




, -■rr^ 




O € —1 


’)• ( 11 ) 


/ 




lot'1271— —,iloL'(1—I (12) 


a ud so on 

4. It IS also oa>j io sec* that 
V _ 3' 4' 

r+„' 2^+n'S'+u -I 




•>_l_ _1_ .. 


+ ..- ) 


Since 


3\l+« 2+a 3+« 4 +h 

+-X 4- - \ nn 

^■6X(2-ny + Sn- (4-n)' + 3n»^(»;-«)^ + a«5 ...j-... 


TT 


1 __3 , _ 

-» 


4 cosh Ifix I'+x* 

it is clear that the loft liaud side of (13) can he expressed in tinite terms 
if n is any o<ld inteirer. For example 

'I'lie correspoiuUng integral in this case is 

t' = x V ' 


- -^1 _ =1. 
sinh + 7T 


o 


o 


/ I' = X V' 

\ J , \' (-1) / x'-U 

J V‘+a;‘ C « +j;'' 


=Ul—L+-^ - 1.+ 

:i\« n + 1 + 


) 


**+“ _ »+4 n+r. 

3 l(n+2y+3H’ (« + 4)*+3»i’*^(».+0)’+3«> “■ J ’ 

anti so the integral on the left hand side of (15) eun bo cxpiossod in 
finite terms if n is anj odd integer. For example. 


fo 2-1+ 7f seeh i 7 tV3). 


... (16) 


S. Ramanujan. 





Planetary Aberration. 

1 he following method of obtaining t)ic expression for jdanetury 
aberration is somewhat simpler than the one given by Ball, and is from 
elementary considerations. 

Let S be the son, T the earth moving in the 'dii-ection TT' per* 
pendicalar to ST with velocity v. The planet V U moving in the 
direction VV' tangential to its orbit with velocity v. If ST=r, SV= 
/, then v\/Tssv'y/t'. 

Let STV = E, SVT = P. 

Impress on the earth a velocity e<piiil and opposite to that of V. 


JL 



Then the velocities oft the earth along TT' and ST are 

y+v' cos (E+P), w' sin (E + P) 

Let TR .represent the direction and maguitiule of the relative 
velocity of the earth, and VH the velocity of light on the sumo scale. 

A 

Then the planetary aberration e=TVR. 


Now, 


siDe_ 8m(90°-E+9) Q-iirr, 

TR p. 


iL 8in6—TR cos (E—0) 

= {v+v' cos(E-l-P) } cosE+y' sin(E'fP) sin E 
=v cos E + y’ cos P. 

If Vq denote the velocity of a planet at distance fp from the sun, wo 


have 



cosE , cosP") 

J ■ 


P. E. Kbishnaswami. 



Note on Planetary Aberration. 

[Tlio following noio was snggcste^lby rrofos.sor'1 inner .s ' SoUs 
on Aber.ation' in the .Vouthhj SoUcts of the Koval Astronomical 

Society, April 1909.] 

1. Let S be the suii lunl P, E simultaneous po.^itions of a jilanet 
anil the earth; and let a ray of light which leaves the planet in the 
position P reach the earth when it goes to P. Also, lot Q be the 
position of the planet when the earth is at P ; so that the angles SEP, 
SPQ are nearly right angle.s. Then witliin the litne taken hy tlio 
earth to go from E to P, the planet goes from P to Q and the planetary 
ray travels from P to F. That is, if t be this time 

EP=eM’Q = rh l’F = V7, ... ... (1) 


whcjo e,v,V' are the velocities of the earth, the planet ami the planetary 
ray respectively. 

Now. ilie velocity V' of the planetary ray is that due to the actual 
velocity V of light combined with the velocity y of the [ilanet. Hence, 
we liave 

QF = Vr .(-2) 



Complete the [parallelogram PEPK. Then tho 
ray which is actually travelling along PP with 
velocity V' a[>pears to an observer on the earth to 
he proceeding in the direction KP. 

In utlier words, the planet's oppu/'cnt lUrcction 
PK, is while its true direction is PQ; and the 
angle a between these directions is t he value of the 
uberrutiou of tho planet at the instant of observa* 
tion uiul is identical sntli the angle between (he 
true positions of tho planet at E ami K—wliat 
amounts to the same thing, its apparent position 
at F and apparent position t seconds later. 


2. The value of t is found in tonns of tho actual distance of the 
planet from tho earth at tho instant of observation viz ^ QP by tho 
formula (2), and wo may wito 


f = (a»+l>*-2oi cos 0)'J/V 

where a, b*Q denote SP, SQ, angle FSQ roapeclively. 


... ( 3 ) 





3. To find a formula for a. 

With the usual convention of signs o is positive or negative ac¬ 
cording as it IS measured contraclockwnse or clockwise. Thus in the 
figure a should be regarded as negative. Drop the perpendiculars 
QN, FM on EP, then we have 

-FQ bina=^QN-FiI 

=PQ sin NPQ -EF sin JIEP 
= PQ cos SPN-EF cos SEP. 

t.e. \t sin a set cos SPE-f-ei cos SEP, by (1) and (2). 

lienee V sin a =r. cos SPE-fe. cos SEP. 

: Ball’s Si>hefical Astron.y § 90.] 

il. T. Naranibng.ib. 


The Face of the Sky for January and February. 

Phases of the Moon. 

January. February. 



D. 

H. 

M. 


D. 

ii. 

H. 


New Moon ... 

... 4 

11 

15 

P.M. 

3 

10 

36 

A.M. 

First Quarter 

... 11 

10 

8 

P.M. 

10 

4 

56 

P.M. 

Full Moon 

... 20 

2 

59 

A.M. 

18 

8 

59 

P.M. 

Last Quarter 

... 27 

7 

5 

r.AI, 

26 

3 

54 

AiAI. 


Planets. 

Jlercury is an evening star in January. It is in inferioi conjunction 
early in February and thereafter a morning star for the rest of the 
month. 

Venus continues to be an evening star in these months. It is 
near the boundary between Capricornus and Aquarius in January and 
in Pisces in February. 

Mars is in Leo in these months and is in opposition in the middle 
of February. 

Jupiter is in Pi'cos in these months and is approaching the San. 
Satui-u i.i slill in Taurus in these months and is also approaching the 
Sun. 


V. IUmbsau. 
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SOLUTIONS. 

Question 451- 

(K. J. Sasjana. it. a.) Slicw Uow to Gn«l I'liii-i of isosceles tnautrlcs 
of rational areas siicii that tl>e iierimctcrs are in one given ratio an-1 
tlie areas in another given r:iiu». 

Example ; the jierimcters are a.s ami the areas are equal. 

iUmarks hy f/ie PiopoS' r. 

We easily obtain the following among other solutions ;— 

193 {bis), 100. ami 401 {bis), 708; 

915834061 (5i.s), 0 10065000. ami 
25-12937805 {bis), 2.5-25757512; 

0-15420061 (6ts). 0-17535000. an.l 
25-12127h05 (6iV), 25-24137512. 

[The last pair of iriant'les is given by Mahavir.icharya’.s rule ; see 
sloka 137, Ch. Vlt, llao nahatlur Rangiieharya’.s eililion of Onnitd’fiira^ 
sanyraha. This rule generally gives extremely large values for the 
sides when expressed in integers.] 

Question 539- 

(S. KRisuN.tswAMi Aiyano.sr) :—The focal chor»ls of tlie inaxiimim 
inscribed ellipse of the triangle of reference parallel to the sides are tlio 
roots of the equation 

— ^ ^ '1 
j:'— 2x’A-tan-\cot n*+ xAtanVcosee’u* —2R'^A*tan-\ = 0 

wliere \ is the minor semi—steiner angle, u- is tlie Brocard angle an<l 

H the circumradiiis. 



0 
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Sohiiion hyN. Sanl-ara Ai'yar, ^^.A. 

Taking the equation of the conic in polar co-orflinates as usual, we 
get that the length of a focal chord is 

_^^ I _ 2/ 

1—e cosy l+ecos0 1—e*cos®0’ 

Now, the semi-diameter of the conic parallel to this chord-is given hj 

1 —COs'^Q sin*0 

M A B ~ 


••• QQ' = 


7^ 

2 /?- 


2/?*a 


a(l-c»cos’0) a*sin*0+/?*cos*0 

2/?*a 20D* 


a a 


a 


^A^cot-jX 

,.3 _ 1 

« y\ “n 


ian 

•V 

= 2A cot ic A *”• tan ^’X 

= 2A- cot 1 C tan 

r \ tfcVA-* , X 
X^-y.T — ^ ^ ^ tan X 

= LA coscc’A tan X 
= A tan X cosec’ic 

aWA“^ tan'"\. 

y,x,ar, =- 

* * • h 

= 2I0A*.A“- tan-X 

=2I<*A‘^ tan'X. 

Hence the required equation is 

ar'—2x*A-tan ^X cot ic+aA tan \ cosec’ic—2R*A- tan -X=0. 

Question 577. 

(K. Appl’kcttan EnADT, il.A.) ;—If S, S' are the semi-sums of 
opposite angles of a spherical quadrilateral, prove that 

cos (S—S')sin ^ sin h sin ^ sin cos (S+S')cos 2 cos ^ cos ^ cos ^ 

= COS a, 

rt, K Cy f1 )>^inp tho of the qiiaarilatorAl 
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Solution by J. C. Sivaminnrayan, ^f.A. 


aod 



ain- S — <-‘08 a +cos tf—l_cQg ^ 
2 ’ 


4 cos f sin “ sin i 


2 2 


P p' * 

- COS 6+C03 c—l~coa e 



4 cosi sin^ sin 
C04 cos ^ sin A 


c 

2 


cos 

•> 




28 


cos 


e 


J 





(2J 
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HdDce 


16 cos (S-S') 


• a 
fim -= 

2 


sin A sin C TT sin a 


cos’- 


2 


fc+co s c—1—cos € } { cos a-f cos ti—l*—cos e } 

e 
2 


cos*— 


and 


16 cos (S+S') 


7X COS ^5= 


sin A sin C I i sin a 
a I ' 


co.«- 


_ { COB 6+cos c+l + cose } { cos a+cosd+l + cos e } 


COS-- 


co9(S—S')j j sin^—cos (S+S') 


cos I 


_ 1 2(l+cos e)(cos a+cos b+cos c+cos (/) 
"16 


»e 

cos - 


— • 1 COS a. 

4 


Question 588. 


(T. P. Trivedi, M.Am LL.B.) If S„ denote the series 1—^+-L-}. 

M 0 

+ ...to n terms, prove that 

V ( -ir-*S, ._ -n* 

Y '(2o+l)* 16 * 2 » * 

Solution by A. Nara^inya Itao, B.A. 

Consider the identity 

V _v 1 (-1)"^^" 

Z;(2n + 1)’ Zj{ 2 n+iy (2r+l/ 
the snmmation extending to all+ve integral valnes of « and r. 

2» 


Now secs = 


2* .ir j. j.?_Lc*”E,„4,+ ... 


-ff* 


w*"+‘ 


(i) 


, r — ^ 4 -—1—— ...(Hohflon’s'Tno.,p.339.) 

where l^«4i=prr> 3tn+»^5«"-»i '• j r / 

Comparing the co-effs. of s* on b-dh sides of (i), we have 
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But ,£,)>= ( +^LWi)-(OT 

■( 2 « + l)' ■^ 12 “’ lU 5 t) 4 j' 16 -' 2 “' 


Comptiring the general terms on both sides of (i), 'vc liave 




0 ... 

1 ... 


» -p « - 

i, u 

4: j • 


• •» > • 


0 


. (2n) ' 


- * o 


[J. I-.M.S.. Vol. VII.,.. 52.] 

Wo may therefore tiud by the stuue method the values of 

^(2«7+T)*^' /!/ , —- 

'' ^ Zj(2»t + I)'= 

Question 599 . 

(\. V. S. X.vraY.^n) :_If two circles cut ortluigoimlly ii„d the focus 
harmonic pencil/circles form a 



0^m.tr<cal soluti^, ly S,B. I'^ndse, .'/..I. / r . 

Lot TalVw Z"Zc M Tntl'and Vt7 T. 

contact of the circles the chords of 

Recpuocute the curve ,.uth respect .be pein. T, 
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r common focus of two hyperbolas. loTerse pomts 

of c&c wmbe the centres of the two hyperbolas. Inverse points of 
tf, a, 0, 0 will be the e.vtremities of the major axes of the two hyperbolas. 
These two hyperbolas have parallel asymptotes. Therefore their 



major axes anil minor axes ami all parallel diameters are in the ratio of 
CT: C'T. 

Through C the centre draw any straight line and let it be cut by the 
two hyperbolas in P, P', Q, Q.' Then 

CQ CQ' _ CP« 

CBCB' CA* 

But CB CB'=CA’, as A'B'AB is harmonic range. 

CQCQ‘ = CP’. 

Hence any straight line through the centre is cut harmonically by 
the two hyperbolas. 

Therefore ilf tlie two hyi)crbolas : any straight line passing through 
C or C' is cut harmonically by the two hyperbolas. 

Reciprocating, tangents drawn to the two circles fi’om any point on 
the chord of contact pep' or ijc'q form a harmonic pencil. 


Question 609 (i). 

(M. Biiimaskn.x Kai») Show that: 

1 2 *"+* 3 *"+‘ B. 


2it 




+ 


_1 


+ ... — 


Jic41 


4 [ 2 n+l]‘ 


The series is obv 


So^uttim 6y K. B. .^fadhava. 

f X x*”** j 

vionsly the integral I . -<U. 

o e *—1 

(2/*) ! _1_ 

But — 2 *^- 1 ; 

1 


• ?-= V — 

4r (2Try^' 2 j 


=1 




.2r—1 f 2‘nx , —471 


t 


-fe 




22 i 


=/ 


00 - r'-'-i 


O C 


2 Tlx 


dc. 


-1 


Hence putting »' = 2 h+1. 

7 oi“n ‘n'«+i 


_ _ 

4(2n + l) 


Question 619 . 


(S. KiUSUNASWAMI AlTAN-j.VJ«) If 

s __ 1 u- 1 r 1 . 1 ■) 

" (2n-l)*(27t-3V (2«-5)* J 

{(2-731)*+■*■.’ 

show tliat 




5^^ 7»^ })>+•" “2?^ 

Solutinn l,rj T. l\ Tn'icdt, M.A., LL.li. 

Wriliiig tlown a few Icrius of tlie seric'i, Me get 

,1+1 rii, L/l, i\-) 

7H5'^'3' i* \5' J 

+—-T——i,i'\, 1/1,1 

0’ t.7^ ’5- Vo* +7^^ } +‘^“^’ 

which is clearly otpnvalciit to the pro.luet three at a time of the terms 
of the series ^^,^^.^1. etc., to iiiliiiily. 

Ngw 


Hence the series multiplied by i! ise<iiml to the coefficient of -0 


"'iu 


the expansion of cos 0 , and the scries is thus equal to 

2«-d 


Question 620 . 


(S. Kbish.naswami Aita.vgab) Find the value of 

7 V 

2 T 4 ! ■^!‘+ ‘' 
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Solution by T. P. Trivedi, M.A., LL.B., A. Naratinya Bao, B.A., 

and N. Sankara Aiyar, ii. A. 

We have 

X cos —^+... 

]2^|4 16^ 

The series evideutly is (f cos which when expanded 


becomes 


cos j;(I5j:*-90j;»+l)-sm 


licmarks by K. B. yiadkava. 

Bj applying formula (3) on p. 184 of the Journal for 1913, we 

find 4(»0 = (l+»)*. A(f(0) = l, A’<^(0) = 31, A‘4(0) = 180, A‘(0)-390, 
AM(0)=360.A-k0) = 120,AV(0)=A-'4(0) = ...= 0 . 

Hence the series is equal to 

cos j:(15x*-90x*+1)— sin x(j:®-65x'’+31x). 


Question 631. 

(R. Vttqtnathaswjmt) If C is the chor.1 of an arc \ of a closed 
curve, sliow that /(C ds) taken over the contour is equal to \ times tlie 
lierimetor of the locus of centroids of arcs of the curve equal to \. 

Solutiott by *4. Sarasinga Jiao, B.A. 

Lot AB, AjBi be consecutive positions of the chord so that 

arc AB=arc A,B, = \. 

AA,=BB,=d«. 

Let H be the centroid of the arc A, B. Join U to the mid-points of 
AAj, BB, and diride the joining lines in the ratio of ds : A,B| at a, 
respectively. Then a, /? are the centroids of the arcs AB, A,B,. 

Also, we have ultimately 

a/? : chord AB—; arc AB 
t.«. aj ?: C=J*r: 

Thus/Cdfi = X/a/? 

= \ times the corresponding perimeter of the locus of a. 


Question 633 . 

(R. Vytht.vathaswamt) A moving quadrilateral has its four 
corners on a fixed circle. Shew that at any instant tlio sum of the 
angular velocities of the four pedal lines is equal to the sum of the 
angular velocities of the four corners about the centre. 
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SohiU'cm by Narasinya Ran, 

I.pt ABCD be one of t)ie positions of ilie mov^ing qnrulrilaU'ral, 
ami let Ai B, the points iti whlcli the X* from A ami B on L'l) meet 
the circle ABCD. The pedal linos of A, B u-.r.t. A formed by the 
other three points are j>araUel respectively to BAi and AjB. 

Hence the angle between these two 

= angle between HA| and Aj B 

=angle which AB sabtends at tlie centre 0. 

Let a', a bo the angles which tlie jiedal line of A, and radius 
OA make •with a fi.vcd lino ; with similar notations for the points B, C,I) 
and their pedal lines, by what has jost been proved, 

or a.' —>5 = /—y = $'_5'=c (say). 

a' + /?+V+5’=a+^ + V+5+4c. 
~(a'+.ff’+y'+5')=.:' (a+/?+y+5). 

Hence the sum of the angular vels. of the pedal line.s is e.|ual to 
the sum of the angtdar vels. of the corners about the centre. 


Question 627. 

(K. V. An’antanarat.wa Sa.stri, u.a.) :—Four spheres of radii a, b, 
c, X intersect at right angles. Shew that the volume of the tetra¬ 
hedron formed by their centres is 

I abed (a~^+b~^+c~^+(i-*j^. 


Solution (1) hyR. J. Rocock, T. P. Trivedi, M.A., L.L.B., and 

T. P. Krishiiasicami. 

If A, B, C, D are the centi-es of the .spheres AB = Va*-b6*, Ao.i 


cos CAB = 


a 


Ac.; 


Vo*+ fc*Va»+?. 

also volume of tetrahedron 

=J.AB.AC.AD. { 1—Icos’CAB-i-2co.s,CAB.cos BAD. cosDAC ) * 

= + l-V_2!_+ 

- 

= J a6cd(a-’-bfc“Hc-*-l-d-»)i after reduction. 
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Question 631. 

(S. Narataxa Aitar, Jf.A.) Siiew tliat if 4 (a, b, c, d) denotes 

^ + -i.*(*-_!) (c-d)(c-f7~l) (6 + !r-l)f& + a:-.5) , 

1 d a-jfX-1 i.2 d(d+l) (a+a;-l)(a+*-2)'^”'’ 

then r (a:+ft )r (* 4-c)r(ti)r (rf) 

i{c,d,a b) r'(a+a)r(*+d)r(6)rtc)' 

Solution by T. P. Tnvedi, M.A., LL.B. 

From Qnestion 576, we get 

l + y£+J(! + 

^ 6 1-2 6(6+1)^. 




h ^1.2 5(5+1) 


and al<;o 


l + y^+il®i‘i±^> + 


l+/-”^+X’ ic -d) (c-d-l) 
d ^1:2 d(d+I) 

Eliminating e^', we get 

f 1 1 (c-(0(c-d-l) ■> , , a , y* afa+n , 1 

V+y d +r2 WI^^"'/r+^5+i:25T6+T)+.) 

.} 




y* c(c+l) 


d(d+l)^ 

Equating the coefficient of y* on both sides, we get 

a(a+l)...(a+x—1) , c—d 1 a( a-f- l)...(a+g—2) 

\x 6(5+1)...(5+a!—l) d *| x—1 5(5+1)...(6+8?—2) 

(c-d)(c-tf-l) 1 1 <i(a+l)...(a+a:-3) . 

d(d+l) |g-2-i.2 5(5+l).;.(5+'g~3r ••• 

„ 1 c(c+l)...(c+*—1) . a —5 1 c(c + l)...(c + a:—2) 

i»d(d+l)...(j+*-l)'^ 5~ •fa^d(d+l)^'^d+a!-2) 

H-h •••; 

whence it is evident that 

F 5(5+ l)...(6+*-l) * ^ 

_.l c(c + l)...(c+;r-l) ^ , 
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Thus 


<t (a,h ,c,d) c(r+l)...(f' + x 


4 (c,d,a,b) 


a (a+X )...(<!+ 

r(j-+fc)r(j:+c)r(a)r(<7) 

T(r+a)r(x + (/)r(6)r(c) 


1 ) 

ly 


Question 632. 

(R. N. Ai’TE, M. A., X, H. A. S.) ;—If r,, be the ilistances 

of a i»oinf P in the plane of a regular polygon from tlic vertices, liud 
in terms of n, a the radius of the circum-cirele of the imlygon 
and c the distance of P from the centre of the circle, the summation 
extending over all i>ossibIe groujis of vertices. 

Solutinn by T. P. Tni-edi, M.i, LL.B., Jf. Vythywithasicavuj, 

and N. Saukara Ait/ar^ if.A, 

If AiAoA;...A„ be the polygon, O the coiuro of the circum-circle 
and the angle POA, be 9, supposing P to lie between A, and A„, the 

angle POA, = 0 + '^ and so on. It will be at once seen from a figure 

PA.» = OI« + OA,’-20P OA, cos 0 
V=cHu’-2occosG. 

Similarly 

r^» = c*+a’—2ac cos ^0+, r-tc. 

We are thns to sum np terms of the type 

|c’+a’-2ac cos oj | c*+a^-2oc cos ^0+^ ) j. 

X c’+a*—?ac 008^04-^ 


that is, 
(c 


+ 4aVV+r^)j^cos0cos(^04-iir^+„.^ I ^ 

-BuVeos 0 cos(e + ^) co.s(0+4:?y 
A.S the number of such terms is C if -n . 

the co-eflicient of— 2 or(a’+r*)» is " ^ that 

— ?* t cos 0 , or 21 y 

n V’ ' * - n - - i cos 0 j 


29 
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the co-efficient of4aV(a’+c») cos0 cos("0-f —"N 

nC, \ n )' 


„Cs r cos 0 cos^0 + '^^ cos ^0+ — 


J 

or («—2) I cos 0 cos ^0 + 2;^^ ; 

ami the co-efficient of—fiaVis 

27r\ 

cos 

Moreovei*, from the expansion of cosn0, it is seen that cos 0, 
cos ^04-etc., arc the roots of the equation 

(2 cos 0)"-^(2 cos 0)«-H^j^\2 cos0)"-*-...2 cos 7i0=O. 

Hence £ cos 0=0 ; E cos 0 cos ^0+^^ =—^ . 

ami E cos0 cos^0-h—^ cos (0+15) =0 ; so that the summation is 
\ n (ji—1)(»—2)(a*-f c*)'—»(a—2)u’c*(a’+c') 


Question 633 - 

(K. Appcktttan KnAuy, M.A.):—A particle is projected from a 
point on tlie boundai-y of a circular pond of radius a with the velocity 
of projection y(2</c). Prove that if all directions of projection are 
equally probable, the chance of its falling into the pond is 

71 

y^l—.^cos 

O 


■Solution by T. P. rri'redi and K. J. Sanjana. 


With the iisnal axes the equation of the circular boundary may he 
written r=2 a cos 4 , lying between Jtt and— stt. If the angle of 
projection is 0 tlie range of the particle is 2c sin 20, and for the 
favourable cases we must have c sin 29 ^ u cos 4>. Pntling sin J; for 
a cos 4-^c, this requires 

sin 2 0 > sin 4 j 

i.e., 2G<4j ^ 7T—4^ and <7r. 


Honce the chance is seen to be 

7 T 


I-z 1^/ cos 0d0-f-J cos 0d0j dil-|-27r 
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1 /-i 


or 


-TT 


J J 4^-*-1 ^ cos i 4^) 


As 4^ is evitiouily punitive and <!7T, we get 

tT 


n 




1 ,- 1 r “ 

tt'J 


71 


1 ' • 
-'“tt j 


1 


o 


When <i=c, we gel _--r.(-\ J_]), n},icl, ,},e ic>ult of Kx. 3 

TT 

CL. XIV, of Totlhiiiuci-’s Inf. Ctilcului. 


Question 634 

(E. H. Ni v,,., ,:. H.5;e.):-On the >o..,.un ..f n Muface l.v a plane 

througl. tl.e normal OX at a point () is taken a point S at a Muall -li,. 

♦ ance/from 0 . and tl.e plane parallel to the tangent plane at U and 

.listant 1 \ from 0 meets the noru.als at f» and S to the snrfac in 
potn.s 1 . and P. .Shew that LP-‘is approxinmtely (/■■ 

+ a } , whoic fr.. and are tl.e normal ein vatare and geodesic torsion 

ro,.D,l U \ c„ul,c chosen so that P ,rnc« o en.-vo ,vhich is nlmo.t 
otrclc ,v.th centre I. only if ,|,o contoar trace,I h.v S a,,,,roNin.ate» citl.er 
o o ctre 0 w.tl, centre O or to an elli|.se wl.o.e axes are tl.e t.rinci,, .! 
tangent, to the .arface, an.I that \ in the lir.t case .oast he he mi'n 

Xs “ -0 ather of:::: 

I'iolufion bif fhv l'ro^.,er. 

::;rSr'r; r-T'i" 

U/^„. HenfoL?U±/{a‘jXi; r'L'.X'’’ 

resalt follows at once. ^ ^ the first 
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^ principul curvatures at 0 and 1 

IS iialf the diflerence between them, ami i£ h is the angle between the 
normal plane OSN and the first ]»rincipal plane, 

^■m=D—I cos 2 h, (f .=! sin 2 h 

and therefore 

(A-,-\V+«,®= { (D-\)>+P} -2 (D-X) 1 cos 2 h. 

For LP to be independent of 7<, we must have either/a constant 
and \ equal to D, or P of the form l/Cp—g cos 2 A) ; in the first case S 
describes ii curve apjiroximutely circuhir, in the second case the locus of 
S is api)ro.\-imately ii central conic with axes along the principal tangents 
and \ is determined by tlic quadratic equation 

q (U_X;*_ 2 ^ 1 (D-X)+g v=0 

whicli lias real roots if and only if the conic is an ellipse. Then in 
fact if o, b are the semi-axes of the ellipse and a, /3 the principal cur¬ 
vatures of the surface the two values of X are (aa—6/?)/(a—6) and 
(aa-j- 6 /?)/(oH- 6 ), and the possible jiositions of L form a pair of points 
harmonic wth respect to the principal centres. 

The iiuportanco of the example lies in its a]>plicatioD to optics. 
Kays wliich emanate from a single point fumi after any number of 
rcHcctions and refractions a set of normals to a family of parallel 
surfaces, the wave-fronts. If rays forming a small pencil enter the 
final medium tlivough a circular aperture, the section of the pencil near 
the aperture is appro.ximatoly an ellipse, and if the axes of this ellipse 
are approximately the principal tangents to tlie wave surface, a condi¬ 
tion often seciircil by symmetry, there are usually two planes normal 
to the jiciicil on which the cross section of the pencil is a circle. 
The two circles obtainable generally differ in size, and the smaller of 
them is the bc.st approximation ]>ossib)c without further reHeotion or 
refraction to an image of the point from which the rays originated. 
This circle i-s known as the circle of least confusion; mathematically 
it always exists, but physically it may be virtual if the rays are diverg¬ 
ing when tliey enter the final medium. 

Question 635. 

(.S. KitisiiXAswA.'ii AnAN'i.Mi, B.A.):—If ir,, c-., ^3 represent KA, KB, 
KC where K is tlio symmedian point and »i„ in., vtg the medians of a 
triangle ABC, shew tliat 


1 . 


2 


2 . Ij 

a(b^+c^) — ^ 

L ) 

3. rj 
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Solution btf K. B. Mfuihava, *V. Sankara .Uyar and olhert. 

The actual areals of K are where S=u’+i*+c*. 

.% AK’ = «ri’ = *^ (2S-3a») froui Askwith, § 201. 

Also, AG* = K26’+2 c>-«’) l(2S-:Ja*). 

/. Za(6’+c^)«-in‘i S-^ (a*6^-h6V'+cV) 


Aho 


Last ly 


= iahc{d* + b- + e’) + 


3 a 6 c a‘ + />* + c* 
2 ■ a’+6»:;:75 


«r, _2bc 

I 


h 


s 


U(fc» + c’) = {•>a^ + 2b’ + 2c^)-’iabc. 


wii >> 


nii^ S 
«r,”26c' 

(a*+ 6 >+c»j. 


Question 638. 

(S, B. UeLEKab) ;—If \ =t;‘ shew that the point u-^ 1) 

2 \ ’ 2tK ' 


lies 




on 


- + ^-l 


a’ b 


If Vi, Xj be three points as above, the circle jiassing through 
them Is 

{ N'’+M+(I.N + 1) >x 




-CLS + l)}y 


. (MX } L)(rt’- h*)-2^a=+/)nx 

^ ~ J 


4 N 

where L=EXj, M=i:\;X,, Ns=Xj\,\,. 
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Solution by K. Srinivasan, M.A., T. P. THvedi and K. J. Sanjana. 

As \:ricos a-ft 8m a, \“‘=cos a — t sin a, cos a , and 

®~27C “®“t*oned is a cos a, 6 sin a, 

which is of coarse on the given ellipse. 

The equation of the circle through the three points a„ a*, a, on 
this ellipse is given by Salmon in the form 

***fy’— 


-fa, 


COS — i—cos _ 

a 2 2 


cos 


2 


sin sin sin ^1^* y 


Now II cos i { Z cos a,-f cos(ra,) ) 


L + I + N+.1} =^.(N.+M+LN+1); 


and 


also 


II bin *^^—-*=1 { ^ Kin a,—sin (Z a,) ) 
I cos Ca,-fa,) = JZ ^(\,\,.f_^^ 


{rcx,\.)+(Ex.)^xAA.} 2n 


Thus the required equation is 

•’4-jf*-^’'{ LN-f 1-f(N*-fM) } 

+ W { (.x»-6>)(MN-f b)-2(a’-f 6*)N > =0. 

4i> 
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Question 640. 

(SiLSCTEP) :—The ifagic Sumber Cards. 

“This trick consists of six canis with certain of the numbers from 
1 to 63 printed on them. T)ie mapician asks you to tliink of a Dumber 
between 1 and 63 and then presents tliese canls one at a time with 
the request that you indicate whether your number is on tlie card. This 
done lie at once declares the number which you thonplit of.” 

Explain the trick and point out any easy exten>ions of it. 

Soluitoji h’j K. J. Sanj'tua aiid I*. AuaiitharJinoTt. 

The result follows at once from the fact that in the scale of 2 tliere 
are only two dipits, 1 ami 0, so that any number is the sum of a certain 
number of powers of 2 (including 1=2®). With six cards standing for 
2®. 2',2*, 2®, 2‘,2*, any number up to the sum of all these (i.e. 63=111111 
in the scale of 2) may be presented ; if in any number .some of these 
powers are not required, the cards corresponding to those powers will 
not be used. Tims 


23( = l + 2+2^-f 2*) requires the hrst. second, third an<l 6fth : 

24(=2'+2*) requires the fourth and 6fth : 

25 requires the lirst, fourth and fifth ; ami .so on. 

If is evident that « cards may be used giving niiml)ers up to 2"—1 
inclnsive. We can also use the scale of 3, which will however require 
aonie powers to he subtracted ; otherwise the digit 2 may bo shown bv 
repeating the number for the power which has this coeflicient. Thus ' 

23( = 2-3*+3+2-3®) requires two entries on the 6rst, one on 
the second and two on the third ; 

24(=2-3*+2-3) requires two on the second and two on the 

third ; 

26(=2-3*-;-2-3+3®), two on the third, two on the second and 
one on the 6rNt; and so on. 


In booU on Algebra these properties arc generally enunciated 

thns. A weight lbs. can be balanced by a number of weights of 

the senes lib., . Ib.s.. 2* lbs. not more than one weight of each 

kind being used; ami by a number of weight.s of the series 1 lb, 3 lbs 

3 lb.s.,... not more than one weight, each kind being used but in 
ttthtf $ccil^f)(iTi as iDuy bo oecossarj^/* 
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Question 642. 
(S. Ramandjan):— Shew that 


“ 475 (2+V5)’. 




=|-’-|(log2). 


Let 


Solution and Remarks by M. Bhtmasena Itao. 

OD 

0 + ^ ■ “2^ ) 2^1’ 


" lo{r - loff i. where y~\^ 

J| 4 1-y y y ^ 1+x 

J 1 4 y \ 1—y/ 

^(logj^» lr»' log_y j 

8 1-y ^ 

= 0“|!'V-lloBy. log(l-y)+l|’ 

K-j, log (l-y)-^f^ 

] 

1 trnm 3 

_i logy log A4(y)+— ••• 

=8 (l-y)‘ - ^^''12 


1+x 


my 


where 4'(y) stands for •—. 
It maj be shown that 


4(i)=^-4a%' 2)« 




V5-1 
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[Ih'oniwicli ; InjinUc Series, p. 487, Ri, 21.] 

For tiiese vnlnos of y, the coiTosnontluiL' values of a aio i, ^ > 

3‘ V5+2 


.since a-=^— 
V5’ 1 + ^ 


... ( 2 ) 

V5-1 


^(v^) ~l ^V“ 


o 


(3) 


since 


(, y5^^. 

(^V^) "'^-i^-'('^’)"=V'5-2 = (2+V5)-'. 

1 “30+2(‘°t’"X^) +-^' 2 - 

(V-Jy ^ V5-iy’ 

+:;(' log yS-lN’ 7i’_iT> 
Multiplying ( 2 ) l.y 3 u-n ,,.i “ 2 / 20 20 *“ ^ ' 

by V5 we .see tl,at the right hand ‘’7“**’ (4) 

r., ^ first result should be 

4V5 niay be verifie.1. hotl. sid.. . • 

, ‘‘ ‘'‘'‘“g 0 (|nal to M034553.... 

The result corresponding to ( 3 ) is 


cc 

i(.i 


n=0 


3 +5 + • • • 2,4 1) (» + iV 5 )-"( 2 o +1 ) 


= ,t*‘^^+2_y5.|.2 

30 24 


{*o.£rC 2 +V 5 )y. 


30 
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Question 643. 

(K. V. Anantoax.uiayasa Sastry, B.A.) —Prove that 


+i 


1 ^1-3 


2n+2 2*2n+4 2-4‘2 h+ 6 ' 2-4-6*2n+8 


1 ,l-3-5 1 _ 2-4-6...2n 


3-5 7 ...( 2 »+l) 

Solution (1) by K. B. Mailkava and K. J. Sanjana, M. A .; 

(2) by R. Srinivasan, M.A and T. P. Tr{vedi,\if.A., LL.B. 
(1) We can vei’ify by term-by-term integration that 

<’-■( 1 - 0 ’* 


o 

1 1 


I ?/(y-i) J_ 

1-2 •a;+2 


• • • 


and that the latter convei’ges if y-t*l is positive (aee Bromwich, p. 165, 
fJx. 31); so that putting for the present purpose y = —^ a:s=j*-|-l, we have 
1,11,1-31 1-3-5 1 . _r(n + l)n-J) 

i;+I’^2*n+2‘^2-4*»+3'^2-4-6‘n+4 

2'4'6...2h 


= 2 . 


'3-6-7...(2u.|-l) 

and the result is established. 

(2) We have (1—») “=1+1. 

If we integrate both sides, we get 

^’+ 1 .-^—+^^. ..=r 

n + i 2 m+ 2 2‘4 «-i-3 J 
Putting a: = l, twice the left side expression in the question 


I 


Ji 


o Vl--» 
puta = sin’0; this integral 

IT 


dx; 


^ 2sin*’'^'ec/e 

r(»+i)r(i) 


— Q_ 

2 r( 

”+l) 

1-2-3. 


"135 

. fn + i) 

2‘2’2 

\ 2/ 

9A.-R .2» 

_o 

l-3'5.. 

....(2»»+l) 







Question 644. 

(K. V. Axanthanarayana Samry. B.A.) Sliow tliat tlie leiigtli of 
the fourth jiositive pedal of a loop of tiie Louiiii>cate of Bernoulli is 
given by 

18a I'‘ - 

Jo V(l— 

Sfilulion by K. B. MaJhava : T. P. I’rictdt, . 1 /..!., LL JJ. 

and B. Srinitasan, il.A. 

The fourth positive pedal of tlio Ijeinniseate is 

® cos ^0 (Edwards: 1*. ICG, Ea. 


60 that 


ds , 2 2^ 


• 7 T 


• * 

auJ therefore the Icugth of the loop is given Vu j cos t 

• o 

This is easily seen to bo cqr.ul to 

. . 

to aj ^ Py suh^lllut^ou cus 4 


= x\ 


Question 646. 

(l{. SrimVAsAN, M.A.) :—If + ^how that 

1{{]. + Jc'y~x} {(l+y*J^-y> = 1 . 

isolation ( 1 ) by J. C. Sii-ainin'irayan, d/,.l. and K. B. .\f<uthai'a, 

( 2 ) by K. J. Sanjana, C. Bhaskaraiya and ll. 1 '. Vtnkataramnun'jar. 
( 1 ) Here 

1+*“=*’'++ '/; + =■»;=: (x + y ) (j:+ ;). 

£ {(l + »') = -x} {(l + y>)^_y} 

= E(l+x*)-(l+y^)-_5:(l4.x^)^(a:+y)4.l. 

= ^(■'+y) { (j:+3)(y+3) } =—E(x+y)(l+y'‘)^ + l 

(2) If *= tan a, y=tan /?, i = taQ y and a+/?4-y=^, then 

ey+ys+axsl, ^ 
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1—cos^-^_a ^ 

V4 %) . ^ 

s.n(_-a) 

from which the result follows at once. 


= scca —tana = (1 + a>y^^x; 


Question 647. 

(K Apppkdttax Eradv. M.A.) :-The curves a =constaut. and^ = 
constant, where a. ^ arc conjugate functions of (^. ,j) pass tliroogh a 
point. Prove that the curvatures of the two curves at the point are 


where 


Oa d/3 

l 9(». y) j 


Solution by J. C. 5traini»mraya«, M.A. 

We know that a^/3y, = 

®**+ttyj.=0, /3yx+Siy—0, xa=yS ami xS=y^^. 
By hypothesis, a+i/3=f(x+iy) 

a^+i/3x=fix+iy) 

/■(«+■>){«»+% >=i- 

(«x-*a,.)(.(;c( + ryo) = l 

*a + ®rya=l ““‘I x^^a^.y^^O. 


♦ • 


• » 


»a = 


a^’+a/ 

d r ^ « P, 

“da~ aa ' 

- —[a XX 

«- ^yv^»’~2a,,.aga^y-^ayyaya 

*=cui-vatm*e at the point of intersection on the curve 
a = constant. 
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Question 648. 

(K. Ai‘PL-K-miN Eradv. M.A.) Tau-ents,!?, TQ'aro .Irawn to tl.e 

'i 3 

ellipse ^4.^=1. aii.l the piinilloloL^ain TP.SQ is eoiiipletc<l. Piovc 
that the area of the locus of S, as T comi-lotes a clrLuit alontr 
Vi+^ = 1. IS 

V /x 

-n \ fi.-i.2n 

Solufiou by J. C. Swarntnaraya/i, .U..L 

If TS is pro.luee<l. it will pass tl.roiif:}, the eentre C of the ellipse. 

If a + Z?, a—/? are the ececutric ani'les of 1*. Q 

a cos a . , h >i„ a 

COS c. ^ - =ix sin i 

cos/? ^ cos/? 

since '1' lies ou llio ellipse r—.+— = !• 

X* fJL' 

Uonce .scc»/? = ^cos-f +ii.’siiPi. 

a’ b’ 


The coordinates of S are “ cos 2 /?, ^ ® 

\ cos ZZ (;05 ^ 


COS 2 




Thus the polar co-ordinates of S will he 
[ [ X>cos=.t + ^>.in.iy;( ^- J -1 y 

‘■•us’4+^-sin--i ^ 

a b* 

I'eiice the area traced out hy S in a coiuplete circuit 

n - ( --i ^ = 

= /- /-,/e=2\a f- I li 

j rj ) - .cos-*+r siiri 

o o ; 

- c 

= 2\u.f-3 tt: -,-—_^_ "i 

= 2\^r4. 'nab tt -) 

= 'n\^ + 27Tu6 ^ 

; Sara.i.,a I!ao ani T. P. KrM.ans^.mi, 


23^ 


706. 


QUESTIONS FOR SOLUTION. 

(N. Saxkara Aiyar, M.A..) ;—If n is any nnmber, show ihat 
1 4-1-1 .1-3 1 

~o iZ 


(« + ])(» + 2)'^2 tn”+2)(«4-3)‘^‘2-4 (*i+3)(;t4-4) 

r(»4-2) 

r {2»+4) 

707- (D. KrasuNAMfRTi) ; —Evaluate tlie intetTal 

^ o 

708. (A. ^l.vKA$lNOA Rao) :—Fiull the maximum and mmimum 
values of when 4x+3^*+25*+u?^=t)2. 


4 -... 


709. (R. SRiNtVASAX, JLA.) The common tangent to the nine 
points circle of a triangle ABC and the ex-circle opposite to A meets 
BC in D ; E and F are corresponding points for CA and AB. Show 
that AD, BE, CF are concurrent. 


710. (R. Skixivasix, JI.A ) ;—Investigate the motion of a rough 
circular hoop which rolls and describes a circle on a liorizontal table 
keeping its ]>lane inclined at a constant angle to the table. 


711. (It. VYiiiYNATii.\swA.Mi) :—A jiuck of wn cards is dealt round 
face upwards in a circle so as to constitute m lieajis of n cards each. The 
heaps are then jdaced one ujion another in order beginning with the 
rfb. heap ; and the cards arc again dealt round starting as before. If 
the same operation is repeated after each dealing, investigate the 
number of shufilcs necessary to bring the cards back to the origuial 
positions. Also, if n>/n, find, after how many arrangements, each heaj) 
consists of cards which were in different Iteaps initially. 


712. (J- C. S\VA3iiNAiJATix, M.A.) If a>b and 

, f'n 

/(fl>l') = J log (u+6 cos 0)(10, prove that 


/(u, = ; lofi( 


o+Vo*—6’ 


) 


713. (jOomniunicaicd by K. V. Akantanaratana Sastsi, B.A.):— 
Find the value of the intiniie continued fraction 

1 1 IG 81 n* 

l+a+'S'd- 7 +*‘'2 m4-1'**. 
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714 (K. B. MadhaVa) : —Find tlie co-cHioion< of in 

^4- _*!_ + 

1 + ^ + 1-fi* . 

715- (ifARTYN M. Tuoma^, B.A.) ;—I’rovc tlint 

12—TT- 

J 2 (^in X lofr '■in *)(cos x Iol' co-^ x)<ix= • 

716. (S. Kri-suxanWami Aiyax-.a!;, B.A.);—Slicw liow to timl tin- 
sum of 

j a 2V 3V . 

717. (C. KRtSHSAM.VCnARV) : —SllOW tliai 

<#(^4 1‘)- K‘^+n)+iix+oh)—... 

= K-''“^0~4U'—3^i) + <f(A:--.’>l) —... 

718 (S. Xarayana Aiyab, M A.) :—If 

^ _(n-h)(a — hx){a — hx^) . 

" (l-x)(l-.*^)(l-.c^).(1 -a’V 

fin.l B (fc-u.r’'-') 

then shjw that 

fl) A„+A„_fB| + A„_j'B.i+.B„ =,0. 

(2) Ai-B„+2AjR„_,+3A5B„_5+ 4A,B„_,-f-. (m + 1) A,,^., 

719- (.T. C. SwAMiXARAYAX, M.A.): —Determine tlie limit, when 
Ji^oo, of 

.(2«-l) } 

(2«+l)'' 

“Approximations in Curve TraoinL'”, 
Mr.M. T. ^al•amcn^'ar thscnsscs two cxamj.los of cubic asymptotes 
i rove the fullowing results; j i . 

(i) For the curve x\y~;cr = a./, the family of cubics 

(y-i)’=36»-8jy+xy»-13x + 17ir+c 

nas contact of the 7th order at intinity. the cubic having contact of the 
8th order consisting of the line at infinity repeated three times. 

( 11 ) For the curve x(i,-.e)* = aj/'(3x-y). the cubic 

aa3—3ay + a*jr4.2a" 

has contact of the 9th or.ler at infinity. 
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721- (A. C. L. Wii.KiNsr.N, M.A., F. R. A. S.) :-A straight line 

AB of constant length sli.los between two rectangular axes, and circles 
are drawn touching the axes and the line AB ; show that the locus of 
the j.oints of contact of these circles with AB consists of four trinodal 
iluartics wliose equations referred to tlie triangle formed by the nodes is 

a'7?"+^V' + y'tt’—4a^y(a y) = 0. 

722- (S. Ramaximax) :—Solve coinj)letely x^=a-\-y, y = a + c; 
— j u^ = a+z; anil deduce that if 


then 
an 1 if 


<=V^+V=+\/®“V^+*’ 

•'■ = i (2+ V y + V i 5 - () V’s )'; 






tl.en.r,;(v 6 - 2 +y' 1:)-4V5+-^50+12V5-2 y'e5_ooy5) . 

723. (S. Ramanujan): —If [x] denotes the greatest integer in a; 
jinil n is anj- j)ositive inieiror show fJiat 

(") [5+ v«+ij= r5‘^\/«+T] 

(iii) ^ v»+ V^»+TJ - [y4.,+2'j 

724. (•*^. Ramaxlmax) :-.Show that 
=““‘''l-,.2 l-+“'"''l+22 +"'""i + 2-3-+ 


(ii) fan"*- —\ —. -f tnir*-1-- 

(2»q llV-l (2 m+3)V3 


1 
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